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Abstract— Scheduling algorithms assign contention probability
for each link in Wireless Ad Hoc Networks and plays a key
role in deciding the system performance. Recently, many low-
cost distributed scheduling algorithms are proposed. In this
paper, we propose to improve the performance of a class of
distributed collision-based scheduling algorithms, called constant-
time distributed scheduling algorithms, by exploring the advan-
tage brought by theunevenness of links’ contention probabilities.
Specifically, we prove that there exists ordering relationship for
the success probability of any neighborhood when the contention
probability vectors are ordered in the sense ofmajorization. We
show how to modify the existing algorithms so as to find a new
contention probability vector that majorizes the original one in a
distributed manner. Our simulation results indicate that by using
our modified algorithms, the average queue-lengths of a stable
system can be reduced by25% to 50%, while keeping the capacity
region the same. Our modification to the existing algorithmsis
extremely simple and entails essentially zero additional cost.

I. I NTRODUCTION

Scheduling plays an important role in determining the
WANET performance. Collision-free scheduling algorithms,
such as those based on TDMA or maximal matching [12], [10],
[3], [2], [11], [7], [1], [13], generally offer higher throughput
(or larger capacity region), but also require either centralized
implementation or high computational complexity [5], thusare
not scalable. On the other hand, collision-based algorithms are
more suitable for distributed implementation with low com-
plexity. In particular, [4], [6], [8] have proposed constant-time
distributed scheduling algorithms1 with provable guaranteed
performance.

Capacity region and queue-length are two critical metrics to
measure the performance of scheduling algorithms. Suppose
there areN links in the system with capacityCl of link
l (l = 1, 2, . . . , N ). Let λl be data generation rate at link
l and ql(n) denote the queue-length of linkl at the nth

time slot. The set of{λl} leading to finite{ql} forms the
capacity region[8]. Existing results [4], [6], [8] focus on
the capacity region of the constant-time distributed scheduling
algorithm, i.e., how much input traffic can the system absorb
while maintaining all queue-lengths to be finite? While this
provides the stability region of the system (all queues remain
finite), the following question remains unanswered:how about
the system performance inside the capacity region? In other
words, although existing scheduling algorithms ensure stability
and focus on enlarging the stability region (capacity region),
can we further improve the system performance (or decrease

1Time to schedule channel(s) does not grow with the network size.

the queue-length) when the system is stable, i.e., when all the
queues are only guaranteed to be just finite?���� �� ���	
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Fig. 1. Time-varying bottleneck neighborhood in multi-neighborhood net-
work: Assign a weight to each link. Bottleneck neighborhoodcan be defined
as the neighborhood with the maximum weight sum. Due to the change in the
incoming traffic and user movement, the link weight may change over time.
Thus, the bottleneck neighborhood also change over time.

In order to address the question above, we first consider the
notion of time-varyingbottleneck neighborhood. Define link
l’s neighborhood as a set of all links interfering (depending
on the interference model chosen) withl plus itself. For
example, in Figure 1, link 1’s neighborhood is{1, 2}. In
a single-neighborhoodsystem where all links interfere with
each other, there is only one neighborhood:{1, 2, · · · , N}.
Figure 1 shows amulti-neighborhoodsystem where a subset
of links (belonging to different neighborhoods) can transmit at
the same time. If linkl has weightwl(n) at thenth time slot
(as function ofql(n), Cl, etc.), thenBottleneck neighborhood
is defined as the neighborhood with the maximum weight sum.

In this paper, we show that by slightly modifying existing
constant-time distributed scheduling algorithms [4], [6], [8],
we can make the contention probability vector2 of the bot-
tleneck neighborhood in multi-neighborhood networksmore
uneven3 in the sense ofmajorization [9], in a distributed
way. Specifically, we prove that the probability of successful
channel assignment (no collision) for any given neighbor-
hood (e.g., bottleneck neighborhood) is increased when the
contention probability vector is replaced by a ‘more uneven’
one that majorizes the original contention probability vector.
Our modified algorithm is fully distributed and autonomous
in the sense that performing our algorithms at each link –
without knowing whether it currently belongs to the chang-
ing bottleneck neighborhood – automatically leads to higher

2The contention probability vector comprises of the contention probability
of all links in the neighborhood under consideration.

3For example,{0.1, 0.9} is more uneven than{0.5, 0.5}. See Section II-B
for details.



success probability of the unknown bottleneck neighborhood,
which helps reduce queue-lengths at the bottleneck within the
stability region. We also provide simulation results showing
that the performance of bottleneck neighborhood, as well as
that of multi-neighborhood system, is significantly improved
in the sense that the average queue-length decreases by25%
to 50% while the capacity region remains the same, with
essentiallyno additional cost introduced by our modification
to those in [4], [6], [8].

II. PRELIMINARIES

A. Distributed Contention-based Scheduling Algorithms����� �� �!"#!�$%&' ����� (�)*�'�+%��%&'����� ,� &'$�'$%&'� , -{ }1 2, ,..., Nr r rr =r.�$
Fig. 2. Three phases of contention-based scheduling algorithm: (i) calculate
contention probabilityrl; (ii) random backoff: users contend for the channel;
(iii) transmission (if no collision in phase 2).

Constant-time distributed scheduling algorithms [4], [6], [8]
have three phases in one frame, as shown in Figure 2. In
the first phase, contention probabilityrl is calculated for user
(link) l based on its queue size, weight, etc. The second phase
includesM ≥ 1 time slots. Userl chooses to contend on
some time slot(s) with certain probability (as a function of
its own contention probabilityrl) if no one has already taken
the channel. If only a single user contend for channel at the
ith time slot (i = 1, 2, · · · , M ), then this user successfully
gets the channel and can immediately begin Phase 3 – data
transmission. There is no data transmission in this frame ifno
user contend during allM time slots or collision happens at
any time slot.

Specifically, algorithms in [4], [8] works as follows. In
Phase 1, contention probabilityrl (l = 1, 2, · · · , N) for each
userl is decided; in Phase 2, userl chooses a random number
j ∈ {1, 2, · · · , M} with probability fj(rl) and contends for
the channel at thejth time slot. On the other hand, the
algorithm in [6] is slightly different from [4], [8], only in
Phase 2. In this case, a userl contends for the channel at the
first time slot with probabilityg1(rl) and skips with probability
1 − g1(rl). If the first time slot is skipped, it then contends
for the channel at the second time slot with probabilityg2(rl),
and so on.

We note that the algorithm in [6] can be made equivalent
to those in [4], [8] by setting

fi(rl) = gi(rl)

i−1
∏

j=1

(1 − gj(rl)), (i = 1, 2, · · · , M) (1)

for each userl. Hence, from now on, our analysis will be
based on the first system model (algorithms in [6] withfj(·)).

B. Majorization Theory

Majorization captures the notion of ‘unevenness’ of vectors.
For any~x = {x1, x2, . . . , xn} ∈ Rn, let x[1] ≥ x[2] ≥ . . . ≥

x[n] denote the components of~x in decreasing order (e.g.,
x[1] = max{x1, . . . , xn} andx[n] = min{x1, . . . , xn}).

Definition 1: [9] For ~x, ~y ∈ Rn, we say that~x is majorized
by ~y (or ~y majorizes~x) and write~x ≺ ~y, if

k
∑

i=1

x[i] ≤
k
∑

i=1

y[i], k = 1, . . . , n − 1,

and
∑n

i=1 x[i] =
∑n

i=1 y[i]. �

For example, if~x = {0.2, 0.2, 0.2} and~y = {0.1, 0.3, 0.2},
we have~x ≺ ~y, i.e., ~y is ‘more uneven’ than~x.

Definition 2: [9] A real-valued functionφ defined onRn

is said to be Schur-convex onRn if for all ~x, ~y ∈ Rn with
~x ≺ ~y we haveφ(~x) ≤ φ(~y). �

Remark 1:The Schur convex function is order-preserving,
i.e, the order relationship between~x and ~y does not change
by taking the function.

III. E FFECT OFMAJORIZATION RELATIONSHIP ON

CHANNEL ASSIGNMENT

In this section, we mathematically prove that for any single
neighborhood (e.g., bottleneck neighborhood), the probability
of successful channel assignment can be improved through
using more uneven contention probability vector in the sense
of majorization.

Consider a single neighborhood withN users interfering
with each other. Given the contention probability vector~r, we
define byRi(~r) the probability that exactly one user contends
for the channel at theith time slot (success probability). Then,
from the notations in Section II-A, we have

R1(~r) =

N
∑

j=1



f1(rj)
∏

k 6=j

(1 − f1(rk))



 ,

where
∏

k 6=j(1−f1(rk)) is the probability that no user except
j chooses to contend on the first time slot. Similarly, for any
time slot i ∈ {1, 2, · · · , M}, note that

∑i

n=1 fn(rk) is the
probability that userk chooses to contend for the channel in
one of time slots1, 2, . . . , i. Thus, we have

Ri(~r) =

N
∑

j=1



fi(rj)
∏

k 6=j

(

1 −
i
∑

n=1

fn(rk)

)



 . (2)

Finally, the success probability for channel assignment (over
any of theM time slots) is

R(~r) =

M
∑

i=1

Ri(~r). (3)

We are now ready to present our main result here.

Theorem 1:Given a contention probability vector~r =
{r1, r2, · · · , rN}, suppose that userj contends for the channel
at theith (i ∈ {1, 2, · · · , M}) time slot with probabilityfi(rj)
of the form:

fi(x) = e−αi−1x − e−αix, (4)



where{αi} is anyarbitrary nondecreasing sequence withα0 =
0, i.e., 0 = α0 ≤ α1 ≤ · · · ≤ αM−1. Then, if there exists a
vector~s such that~r ≺ ~s, we have

R(~r) ≤ R(~s), (5)

where the functionR(·) is defined in (3). �

Proof: See Appendix.

Remark 2:Note that
∑M

i=1 fi(·), i.e., the probability for a
user to contend on some time slot, is always increasing (non-
decreasing), while eachfi(·) needs not be so. In addition, by
assigningαi = i/M , we get the same algorithm as in [4].

As mentioned in Remark 2, Theorem 1 covers a larger
class of algorithms including the one in [4]. For this class of
algorithms, Theorem 1 shows that the success probability of
channel assignment for any single neighborhood, which could
be bottleneck neighborhood in multi-neighborhood networks,
is increased by using a new contention probability vector~s that
majorizes the original one~r. In the next section, we focus on
how to find the vector~s in practice in a distributed way.

IV. M ODIFIED CONSTANT-TIME DISTRIBUTED

SCHEDULING ALGORITHMS

In this section, we explain how to modify existing constant-
time distributed scheduling algorithms [4], [6], [8] for per-
formance improvement. Specifically, we show how to find a
‘more uneven’ vector~s (that majorizes~r) for the unknown
and possibly time-varying bottleneck neighborhood in multi-
neighborhood networks in adistributed wayat any time slot.

A. How to make the contention probability vector of any single
neighborhood more uneven?

We consider the algorithm in [4]. Letql(n) andCl denote
the queue size and capacity of linkl, respectively. LetIi

be link i’s neighborhood, i.e., a set including linki and all
links that cannot transmit with linki at the same time. At
the beginning ofnth time slot (channel contention), linkl
computes:

rl(n) = α · ql(n)/Cl

maxi∈Il
[
∑

k∈Ii
(qk(n)/Ck)]

, (6)

where α = log(M) is constant. Then, each link chooses a
time slot for contention fromi ∈ {1, 2, · · · , M + 1} (M + 1
implies no contention) with probabilityfi given by

fi = e−
i−1

M
rl − e−

i
M

rl (i = 1, 2, . . . , M), andfM+1 = e−rl .

In single-neighborhood case, all links interfere with eachother,
i.e., link l’s neighborhood isIl = {1, 2, · · · , N}, regardless of
l. Thus, the denominator on the RHS of (6) does not change
with l.

How to find a ’more uneven’ vector that majorizes~r(n) =
{r1(n), . . . , rN (n)}? One straightforward and fair way would
be to apply the same (universal) function to the contention
probability of each individual userrl(n). In particular, we
want to find some functionφ such that

{x1, x2, · · · , xN}
∑N

i=1 xi

≺ {φ(x1), φ(x2), · · · , φ(xN )}
∑N

i=1 φ(xi)
. (7)

From Proposition B.2. in [9], the class of convex function
φ(x) = xγ with γ ≥ 1) satisfies (7). In addition, asγ
increases, the vector becomes more uneven, i.e., becomes
‘larger’ in majorization relationship./0123 456178971:;<= /0123 >5?@1=2A;22;<=/0123 B56<=:3=:;<=4 B C
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Fig. 3. Our modified algorithm: We only change Phase 1 in the original
algorithm (as shown in Figure 2) by calculating new contention probability
vector~s that majorizes the original one.

Figure 3 illustrates ourmodified algorithm, in which we
change (6), the contention probability vector calculated in
Phase 1, and keep Phase 2 the same. From the discussion
right after (7), we set thenew contention probability for link
l at timen as:

rNew
l (n) = α · (ql(n)/Cl)

β

maxi∈Il
[
∑

k∈Ii
(qk(n)/Ck)β ]

, (8)

where β ≥ 1 is some constant whose selection will be
discussed later in Section IV-B.

Since Il doesn’t depend onl for a single neighborhood,
it follows that ~r(n) ≺ ~rNew(n), i.e., the new contention
probability vector{rNew

l (n), l = 1, . . . , N} is more uneven
than the original one{rl(n), l = 1, . . . , N}. Note that the
only additional cost of calculating the new vector is taking
power function(·)β at each link, which is essentially zero.

The algorithms in [8], [6] rely on similar steps as in (6)
to calculaterl(n) in Phase 1, except that different constantα
is used. Hence, our modification to those in [8], [6] are again
given by the transformation from (6) to (8), with constantα =
1 for [8] and α = (

√
M − 1)/2 for [6]. Although algorithms

in [8], [6] are slightly different4 from that in [4] in Phase 2,
we can take similar steps via majorization in Phase 1 so as
to improve the system performance with almost no additional
cost. Our simulation results in Section V also support this.

B. Is the contention probability vector of bottleneck neighbor-
hood more uneven in the modified algorithms?

As briefly mentioned in the introduction, we define the
bottleneck neighborhoodN0(n) at time slot n in multi-
neighborhood networks as

N0(n) , {Ik : k = arg max
k∈E

∑

l∈Ik

ql(n)/Cl}, (9)

whereE denotes the set of all links in the network. Similarly,
we define by

N z
0 (n) , {Ik : k = arg max

k∈E

∑

l∈Ik

(ql(n)/Cl)
z},

the z–bottleneck neighborhood when each link weightx is
transformed intoxz . Further,

z0(n) , max
z

{z | N θ
0 (n) = N0(n), ∀θ ∈ [1, z]}. (10)

4In Phase 2, algorithm in [8] uses different functionfi; algorithm in [6]
use different system model withgi(rl(n)) = rl(n)/M for all i (i =
1, 2, · · · , M), as explained in Section II-A.



Note thatN 0
0 (n) denotes the neighborhood comprised of the

maximum number of links at thenth contention time slot, and
N∞

0 (n) represents the neighborhood of the link with maximal
ql(n)/cl. For 0 < z < ∞, largerz gives more weight to links
with largerql(n)/cl when decidingN z

0 (n).
Since N 1

0 (n) = N0(n) (i.e., z = 1), we trivially have
z0(n) ≥ 1 from (10). Now, consider a constantβ ∈ [1, z0(n)].
Then, for any linkl ∈ N β

0 (n), from (8),

rNew
l (n) = α · (ql(n)/Cl)

β/max
k∈E

∑

l∈Ik

(ql(n)/Cl)
β .

Let {rl(n)}
Nβ

0

and{rNew
l (n)}

Nβ
0

denote the contention prob-

ability vector for z–bottleneck neighborhood (N β
0 (n)) given

by the original algorithm in (6) and the modified one in (8),
respectively. Sinceβ ∈ [1, z0(n)], we haveN β

0 (n) = N0(n).
This immediately leads to{rl(n)}Nβ

0

≺ {rNew
l (n)}Nβ

0

, i.e.,

the new vector{rNew
l (n)}Nβ

0

is more uneventhan the original
one{rl(n)}Nβ

0

. Hence, by Theorem 1, the success probability
of channel assignment for the bottleneck neighborhood at the
nth contention time slot can be increased by using (8) in stead
of (6).

Lastly, as illustrated in Figure 1, the bottleneck neighbor-
hoodN0(n) defined in (9) is time-varying and so isz0(n) (see
(10). While we only know thatz0(n) ≥ 1 for any n and is
generally unavailable to any given single link, we can bypass
this problem in real implementation by suitably choosing small
β (e.g.,β ≤ 10) to ensure that it is less thanz0(n) for most
of the time slotn.

V. SIMULATION

In this section, we provide simulation results for both
single-neighborhood and multi-neighborhood cases. Although
Sections III and IV have already shown that the success proba-
bility for channel assignment in an unknown and time-varying
bottleneck neighborhood can be improved in a distributed
way, our focus here is how this increased success probability
can be translated into reduction in queue-length, when com-
pared to the original (unmodified) constant-time distributed
scheduling algorithms. For the case of multi-neighborhoods,
the performance of bottleneck neighborhood is critical to
that of the system. However, the performance improvement
of bottleneck neighborhood does not automatically guarantee
improved system performance overall, since any improvement
of a bottleneck neighborhood can possibly be at the cost of
performance degradation of its adjacent neighborhood, which
will then become a new bottleneck neighborhood in the next
run. Thus, while we can always improve the performance of
any arbitrary bottleneck neighborhood, it is still interesting to
see how our modified algorithm performs in complex multi-
neighborhood networks.

A. Single Neighborhood Case

In our single-neighborhood simulation, 10 links interfere
with each other. Each link has the same capacity of 10 pkts
per frame time, i.e., once a link successfully gets the channel, it

can transmit at most 10 packets. We generate traffic as follows.
At the beginning of each frame, an input of 1 pkt arrives to
each link randomly with probabilityλ. We gradually increase
the input rate (traffic load)λ by a small step, e.g., 0.01, until
the average queue-length goes to infinite atλ = λmax + 0.01,
i.e., λmax denotes the system’s capacity region. LetM be the
number of contention slots. We simulate usingM = 1, 10.
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Fig. 4. Average queue-length in a single-neighborhood system for algorithm
in [4] along with our modified version (a), and for algorithm in [6] with our
modified one in (b). We setβ = 6 in (8) for our modified algorithms. For
M = 10, the capacity region (λmax) for algorithms in [4], [6] as well as
our modified versions are 0.73 and 0.61, respectively. Whileour modified
algorithms lead to the same capacity (stability) region, the average queue-
lengths for our modified algorithms are always smaller and become half of
those in [4], [6] whenλ approaches toλmax (heavy-traffic case).

Figure 4 shows simulation results for algorithms in [4], [6],
as well as our modified algorithms proposed in Section IV.
Note that our modification doesn’t change the capacity region
λmax (i.e., the average queue-length becomes infinite forλ >
λmax for both cases), but reduces the average queue-length
insidethe capacity region. For heavy-traffic case, i.e., whenλ
approaches toλmax, the average queue-length of our modified
algorithms isless than halfof those produced by the original
algorithms.
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Fig. 5. (a) Simulation setting (same as that in [8]): dotted line and solid
line with arrowhead represent the link and flow (with direction), respectively.
The number on the below/left of dotted line denotes the link capacity. (b)
Average queue-length in a multi-neighborhood system: Similar to Fig. 4, the
average queue-length decreases, while the capacity regionremains the same.
In heavy-traffic case, the reduction in the average queue-length is around25%.

For the multi-neighborhood simulation, we use the algo-
rithm in [4] and our corresponding modified version. For a
fair comparison, we use the same simulation setting as that in



[8], which is the preliminary version of [4].5 Figure 5 shows
that for multi-neighborhood networks, we have similar results
as in the single-neighborhood case in Figure 4. The average
queue-length again becomes smaller (and around25% or less
in heavy-traffic case), while the capacity region remains the
same. We have also tested different values ofβ in (8) to see
its effect. In this case, we observe much of the reduction in
the average queue-length by choosingβ = 2, while further
increasingβ to 10 or 20 only gives marginal reduction for
any traffic load inside the capacity region.

VI. CONCLUSION

In this paper, we have shown how to tune up the perfor-
mance – in terms of the success probability of a given neigh-
borhood and the average queue-length – of a class of collision-
based, constant-time distributed scheduling algorithms inside
their stability regions, with zero additional cost. We explore
the benefit of being ‘more uneven’ for the link contention
probability vector and quantify the ordering via the tool of
majorization. We expect that our main idea in this paper that
leverages the notion ofmajorizationof contention probability
vectors can also be applied to other distributed collision-based
algorithms in wireless ad-hoc networks.

APPENDIX

Proof of Theorem 1: One straightforward way to prove (5)
is to show that functionR(·) defined in (3) is Schur convex
as in Definition 2. By Theorem A.4 in [9], to show that a
function h : RN → RN is Schur convex, it is necessary and
sufficient to show the following:

(a) h is symmetric onRN .
(b) For all k 6= j,

(rk − rj)[h(k)(~r) − h(j)(~r)] ≥ 0, ∀~r ∈ RN ,

where~r = {r1, . . . , rN} andh(k)(~r) = ∂h(~r)/∂rk, i.e.,
h(k)(~r) is the partial derivative of functionh w.r.t. the
kth element of~r. By the symmetric condition in (a), the
above condition is equivalent to

(r1 − r2)[h(1)(~r) − h(2)(~r)] ≥ 0, ∀~r ∈ RN . (11)

First, note thatRi defined in (2) is symmetric onRN .
Hence,R(~r) =

∑M
i=1 Ri(~r) is also symmetric onRN .

Second, by calculatingRi(j) , ∂Ri(~r)/∂rj , we have

Ri(1) =

[

f ′
i(r1)(1 −

i
∑

n=1

fn(r2)) −
(

i
∑

n=1

f ′
n(r1)

)

fi(r2)

]

Ni1

−
(

i
∑

n=1

f ′
n(r1)

)(

1 −
i
∑

n=1

fn(r2)
)

Ni2, (12)

where

Ni1 =
∏

k 6=1,2

(

1 −
i
∑

n=1

fn(rk)
)

≥ 0,

Ni2 =
∑

l 6=1,2

[

fi(rl)
∏

k 6=j,l,2

(1 −
i
∑

n=1

fn(rk))
]

≥ 0.

5[4] did not provide simulation results.

We can obtainRi(2) by exchanging indexes 1 and 2 in (12).
From (4),

f ′
i(r1)(1 −

i
∑

n=1

fn(r2)) −
(

i
∑

n=1

f ′
n(r1)

)

fi(r2)

= e−αi(r1+r2)

[

2αi − αi−1e
△i−1r1 − αie

△i−1r2

]

, (13)

where△i−1 = αi − αi−1. Also,

(

i
∑

n=1

f ′
n(r1)

)(

1 −
i
∑

n=1

fn(r2)
)

= αie
−αir1e−αir2 . (14)

From (13) and (14) and by interchanging the indexes 1 and 2
in these two equations to obtainRi(2), we have from (12),

Ri(1) − Ri(2) = e−αi(r1+r2)△i−1(e
△i−1r1 − e△i−1r2)Ni1.

Sinceαi is non-decreasing,△i−1 ≥ 0. Thus, if follows that

(r1 − r2)(Ri(1) − Ri(2))

= e−αi(r1+r2)△i−1(r1 − r2)(e
△i−1r1 − e△i−1r2)Ni1 ≥ 0.

Hence, for anyi ∈ {1, . . . , M}, Ri(·) is Schur convex, and
so is their sumR(·). This completes the proof.
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