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Abstract—Being able to capture the properties of massive
real graphs and also greatly reduce data scale and processing
complexity, graph sampling techniques provide an efficient tool
for complex network analysis. Random walk-based sampling has
become popular to obtain asymptotically uniform samples in the
recent literature. However, it produces highly correlated samples
and often leads to poor estimation accuracy in sampling large
networks. Another widely-used approach is to launch random
jump by querying randomly generated user/node ID, but also has
the drawback of unexpected cost when the ID space is sparsely
populated. In this paper, we develop a hybrid graph sampling
framework that inherits the benefit of returning immediate
samples from random walk-based crawling, while incorporating
the advantage of reducing the correlation in the obtained samples
from random jump. We aim to strike the right balance between
random jump and crawling by analyzing the resulting asymptotic
variance of an estimator of any graph nodal property, in order to
give guidelines on the design of better graph sampling methods.
We also provide simulation results on real network (graph) to
confirm our theoretical findings.

I. INTRODUCTION

Recently, complex networks such as online social networks,

the World Wide Web, the Internet, and biological networks

have drawn much attention from research community and

inspired a number of measurement and theoretical studies, with

their increasing popularity and extensive applications. The

estimation of their topological properties, among others, has

become important, but is often considered a non-trivial task.

The huge size of such complex networks makes the complete

dataset hard to obtain [1]. Also, commercial companies are

typically unwilling to publish their data for some business rea-

sons such as security concern and market competition [2]. As a

result, researchers have turned their attention to ‘sampled data’

that can serve as a model of the whole network, representing its

characteristics in a compact manner. Sampling techniques have

also become essential for the practical estimation of network

properties [1], [2], [3], [4], [5], [6], [7].

In terms of methodology, several graph sampling algorithms

have been proposed to obtain a sampled dataset from the net-

works. Random walk-based crawling is an efficient distributed

sampling method that can be used to obtain asymptotically

uniform (unbiased) samples. The basic idea is to launch a

random walk over a graph, which moves from a node to one of
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the neighbors in its vicinity, to obtain a set of samples. Exam-

ples in the literature for random walk-based crawling include

two popular methods: simple random walk (SRW) with re-

weighting [2], [6], [5] and Metropolis-Hastings random walk

(MHRW) [4], [8], [9], [5], both of which can yield unbiased

samples but have their own advantages. It has been shown

through numerical simulations that SRW with re-weighting

often has better estimation accuracy than MHRW [10], [2],

[7]. However, SRW with re-weighting requires an additional

overhead related to the re-weighting process.

On the other hand, a notable advantage of using MHRW

is its ‘ready-to-use’ property. Specifically, once uniform node

samples are collected by the MHRW for a given graph, they

are immediately reusable for the estimation of other nodal

properties of the graph. Nonetheless, any type of random walk-

based algorithms generally suffers from slow diffusion over

the whole network, which makes the obtained samples highly

correlated and contributes to poor estimation accuracy.

Another uniform vertex sampling algorithm is ‘random

jump’-based sampling method [2]. In complex (social) net-

works such as Livejournal, MySpace and Flickr, each user

occupies a unique ID within the value range, which enables

us to perform random vertex sampling by querying randomly

generated user IDs. This method will produce independent

samples – far better than correlated samples in the case of

crawling based ones as above, if the random query returns

valid IDs. However, if the ID space is sparsely populated,

which is often the case in reality,1 most of the queried IDs are

invalid, resulting in a waste of sampling attempts, i.e., high

sampling cost.

Few recent studies have proposed to use a combination of

crawling and random-jump sampling, taking their own advan-

tages, which in turn improves the sampling performance [12],

[13]. Crawling returns immediate samples for sure, but they are

highly correlated with previous samples. While jumping, on

the other hand, will give “high-quality” sample, independent

of all others, but typically followed by many wasted querying

attempts. The hybrid approaches aim at achieving the best of

both worlds. In particular, they try to avoid the situation of

a random walker getting trapped inside a subgraph (leading

to the highly correlated samples), while reducing the cost by

merely performing the random jump.

Specifically, the authors in [12] propose a version of a

1For instance, about 10% of MySpace IDs are valid, and one valid user-ID
exists among 77 IDs on average for Flickr [11].
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hybrid sampling model which incorporates into SRW auxiliary

transitions proportional to vertex degree, aiming at accelerating

the rate of convergence to the stationary distribution. They

prove that the second largest eigenvalue, which is related to

the mixing time, can decrease by introducing random restart.

However, they do not provide an explicit guide to the choice of

the restart rate (especially when taking into account the restart

penalty – the cost of the random restart), but only heuristic

trials on different simulation settings. Albatross sampling [13],

which is an unbiased sampling algorithm, is proposed to im-

prove the convergence time and estimation error for estimating

degree distribution under a given sampling cost. However,

the effectiveness of the algorithm is only validated over a

limited set of numerical simulations without any theoretical

support. In addition, sampling cost for the random jump in

both of these algorithms is modeled as the average number

of wasted ID queries to obtain one valid ID. This assumption

often simplifies the analysis but is unable to assess the true

impact of the sampling cost associated with random jumps,

and thus prevents us from maximizing the benefits of the

hybrid sampling.

In this paper, we develop an analytical framework for

hybrid sampling approaches, which guarantees unbiased graph

sampling and dynamically captures the cost of each random

jump. Our goal here is to strike the right balance between the

crawling-based techniques and random jump, and to analyze

the resulting asymptotic variance of any given estimator in

terms of the spectral properties of a given graph and the

jump probability α. We show that the asymptotic variance is

always a convex function of α for an arbitrary choice of nodal

property of any graph, which implies that it’s always possible

to find the optimal α (thus the optimal hybrid sampler) by em-

ploying a suite of standard algorithms for minimizing a convex

function [14]. We also show that the properties of asymptotic

variance readily carry over to the mean squared error of finite

samples of size t, in which case the error is no larger than

O(1/t). We conduct an extensive set of simulations over real

graphs, using hybrid sampling algorithms with varying α for

estimating degree distribution and clustering coefficients as our

test metrics. We explore the relationship among the optimal

jump probability, graph spectral properties, density of valid

ID space, and the choice of nodal properties to be estimated.

We demonstrate that there exists great potential in employing

hybrid sampling algorithm with suitably chosen α to reduce

the number of required samples to achieve a given level of

estimation error, i.e. the sampling cost in a practical setting.

To the best of our knowledge, this is the first work to propose

a theoretical framework for hybrid sampling algorithms with

detailed analysis on their properties, relationship with graph

spectral properties, and guideline on how to tune the knob

(jump probability) under various network scenarios.

II. PRELIMINARIES

We provide the mathematical background for graph sam-

pling, including a performance metric of interest – the asymp-

totic variance of an estimator, which will be used throughout

the paper. We also review a crawling-based sampling method

using the Metropolis-Hastings random walk that is widely used

for unbiased graph sampling in the literature, and will also be

a basis for our hybrid sampling model.

A. Mathematical Background

Let G = (N , E) be a connected, undirected, non-bipartite

graph with a set of finite nodes N = {1, 2, . . . , n} and a set

of edges E . We assume that the graph G has no self-loops and

no multiple edges connecting i and j. Let d(i) , |{j ∈ N :
(i, j) ∈ E}| be the degree of node i. Then unbiased graph

sampling is to obtain uniform nodal samples to consistently

and unbiasedly estimate nodal or topological properties of

the graph G. To be precise, for any given desired function

f : N → R, we want to estimate Eu(f) ,
∑

i∈N f(i)/n,

where u , [u(1), u(2), . . . , u(n)] = [1/n, 1/n, . . . , 1/n] is

the uniform distribution over N .

We next briefly explain a basic Markov chain theory that is a

mathematical basis for crawling-based (or random walk-based)

sampling methods and also for our hybrid sampling model.

For graph sampling, we consider a discrete-time Markov

chain {Xt ∈ N , t = 0, 1, 2, . . .} on G with transition matrix

P , {P (i, j)}i,j∈N , in which P (i, j) denotes the probability

of transition from node i to j. We assume that {Xt} is

irreducible and aperiodic with its unique stationary distribution

π , [π(1), π(2), . . . , π(n)]. Then, consider an estimator based

on the Markov chain {Xt} as

µ̂t(f) ,
1

t

t
∑

s=1

f(Xs). (1)

Since the chain is ergodic (i.e., irreducible and aperiodic), it

follows that for any given function f with Eπ(|f |) < ∞,

lim
t→∞

µ̂t(f) = Eπ(f) ,
∑

i∈N

f(i)π(i) with probability 1 (2)

for any initial distribution of the chain [15], [16]. Thus, the

estimator µ̂t(f) provides asymptotically unbiased estimate of

Eu(f) (ensuring unbiased graph sampling), if π = u. In

addition, we can measure how good such an estimator is in

terms of its asymptotic variance which is given by

υ(f,P,π) , lim
t→∞

t · Var(µ̂t(f))

= lim
t→∞

1

t
E







[

t
∑

s=1

(f(Xs)− Eπ(f))

]2






(3)

for any function f with Eπ(f
2)<∞. In particular, it is well

known that
√
t[µ̂t(f) − Eπ(f)] converges in distribution to

a Gaussian random variable with zero mean and variance

υ(f,P,π) [17], [15], [16]. Thus, the asymptotic variance

υ(f,P,π) indicates approximately how many samples should

be collected in order to achieve a given desired level of

accuracy when using the estimator µ̂t(f). Throughout this

paper, we consider the asymptotic variance υ(f,P,π) of the

estimator µ̂t(f) as our primary performance metric.
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B. Metropolis-Hastings Random Walk

Random walk-based sampling methods have been widely

used for unbiased graph sampling, and generally work as

follows. A sampling agent, currently staying at one node,

first explores the current node to obtain its nodal sample,

and then decides to move (crawl) to one of its neighboring

nodes or to stay in the current node (for the next sample),

all based on local information. This is complementary to

random jump sampling – independent uniform node sampling

– if possible, and is sometimes the only viable method for

networks where no global topological information is available

for the sampling agent. One of the popular random walk-based

sampling methods, among others, is to employ the Metropolis-

Hasting random walk (MHRW) [18], [8], [4], [5], [6], [9],

leading to a Markov chain {Xt} whose stationary distribution

is uniform over N . The resulting estimator µ̂t(f) is thus

consistent or asymptotically unbiased in estimating Eu(f) (in

the sense of (2) with π replaced by u).

The MHRW works as follows. A random walk agent,

currently residing at node i, chooses one of its neighbors (say,

node j) uniformly at random with probability 1/d(i). This

‘proposed move’ is then accepted with probability

a(i, j) = min

{

1,
π(j)/d(j)

π(i)/d(i)

}

, (4)

and rejected with probability 1 − a(i, j), in which case the

agent stays in the current node i. Thus, for unbiased sampling

with uniform target distribution, i.e., π(i) = 1/n for all i ∈ N ,

the transition matrix P of this random walk agent is given by

P (i, j) =
1

d(i)
a(i, j) = min

{

1

d(i)
,

1

d(j)

}

(5)

for (i, j) ∈ E , and P (i, j) = 0 if (i, j) 6∈ E , where P (i, i) =
1−∑j 6=i P (i, j). Note that the resulting P is reversible with

respect to π = u since P (i, j) = P (j, i). It is also easy to

see that the Markov chain with P is irreducible and aperiodic

(because G is connected, undirected, and non-bipartite).

III. HYBRID SAMPLING MODEL

In this section, we propose a general framework for hybrid

graph sampling that allows for the introduction of random

jump sampling into the crawling-based sampling with MHRW,

and then discuss its several properties.

A. Model Description

Large complex (social) networks such as Facebook, QQ,

Myspace, Twitter, assign each user/node a unique user/node

ID [2], [11], which provides API to collect uniform samples by

generating uniformly random user/node IDs. At each random

‘guess’ in the ID pool, if the ID is valid, then the random jump

succeeds; otherwise, the request is rejected and the current po-

sition remains unchanged. This method produces independent

and uniform samples by eliminating the correlations between

samples regardless of the distribution of valid IDs in user ID

pool [6]. However, although this sampling method overcomes

the problem of correlations and is easy to implement, crawling

is still an indispensable method for sampling because the ID

space is often sparsely allocated, resulting in high cost of

obtaining each valid sample under random jump sampling.

For fair comparison and optimal exploitation toward hybrid

sampling, we set out to properly capture and take into account

costs associated with each of the two sampling approaches.

One is to crawl the graph to obtain guaranteed but correlated

samples, while the other way is to take the risk of being

rejected and staying in the original node for random jump,

which may lead to ‘high-quality’ samples if successful, or the

same sample as before (100% correlated) if not. With this in

mind, our goal is to formally establish a theoretical framework

for hybrid samplers, in order to provide a guideline to strike the

right balance between the two for maximal sampling efficiency

(smallest asymptotic variance) under the same sampling cost.

Let Ω be the set of all possible IDs (entire ID space),

including all valid and invalid IDs, and N ⊂ Ω be the set

of valid IDs only. At each step, with probability α ∈ [0, 1],
a sampling agent attempts to draw an i.i.d. sample from Ω,

and with probability 1 − α, the sampling agent continues

to crawl the graph according to a Markov chain P. When

the agent decides to jump in each step, if the random guess

is a valid node index in N which occurs with probability

β = |N |/|Ω| ∈ (0, 1], the sampling agent teleports to the

valid node in one step. If it is not valid (with probability

1 − β), the agent resides in the current position. See Figure

1 for illustration. In this setup, the hybrid sampler follows a

Markov chain with its transition matrix given by

Pα = (1− α)P + α(1− β)I +
αβ

n
11T , (6)

where 1 = [1, 1, . . . , 1]T is the n-dimensional column vector,

and I is n × n identity matrix. In this model, β is a system

parameter governed by the ID space and the total number

of assigned IDs, and can be quickly estimated by measuring

the ratio of the number of successful trials to the number

of total guesses. On the other hand, the suitable choice of

parameter α is our key design issue. By carefully tuning this

control knob, the hybrid sampler in (6) can range from a pure

crawling based one with P0 = P up to a pure random jump

sampling with P1 = (1 − β)I + β11T /n. Throughout the

paper, we assume that our base chain P0 = P is MHRW with

uniform distribution u. In this case, P is symmetric, thus Pα is

also symmetric, implying that the stationary distribution of the

hybrid sampler Pα remains untouched and uniform (unbiased)

under any choice of α ∈ [0, 1]. In fact, any symmetric (or

doubly stochastic) matrix P would serve the purpose.

The well-known PageRank [19], which is an algorithm used

by the Google web search engine to rank websites in their

search engine results, can also be considered as a combination

of the two kernels (crawling and random jump). However,

it has intrinsic differences from our model. PageRank or its

variation (eg. Personalized PageRank) [19] targets at com-

puting the resulting stationary distribution of the combination

of the two kernels, which originally have different stationary
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Fig. 1. Dark blue points represent valid IDs forming a graph G, while light
blues indicate invalid IDs. A sampling agent moves from node i to one of its
neighbors, say j, with probability (1− α)P (i, j). In addition, an attempt of
jumping to any node over G by randomly accessing to one of valid/invalid
IDs, which happens with α, will succeed with probability β or fail otherwise
in which case the agent resides in its current position.

distributions. While in our case, both the two kernels give

uniform distribution, and thus the resulting one is also uniform

for the purpose of unbiased estimation. Then we instead

focus on the second-order behavior of the chain, such as the

asymptotic variance of the estimator as in (1) for any nodal

property.

B. Spectral Properties of Hybrid Sampler

While the stationary distribution of the transition matrix Pα

is invariant with respect to α, its corresponding asymptotic

variance υ(f,Pα,u) depends highly on α. To understand this,

we here investigate how the entire spectrum of Pα changes

when α varies.

We assume P is the transition matrix of an irreducible,

aperiodic Markov chain by the MHRW, from Perron-Frobenius

Theorem [17], its n eigenvalues are given by 1 = λ1 >
λ2 ≥ . . . ≥ λn > −1. For functions f, g : N → R, define

their scalar product with respect to π = [π(1), . . . , π(n)] as

〈f, g〉π ,
∑n

i=1 f(i)g(i)π(i). Since P is symmetric, all its

eigenvalues are real and all its n eigenvectors {v1,v2, . . . ,vn}
are mutually orthogonal, where vi ∈ R

n is the eigenvector

associated with the eigenvalue λi [20]. After a proper nor-

malization, all these vectors can be made orthonormal in the

sense of 〈vi,vj〉π = δij for i, j = 1, 2, . . . , n, where δij = 1
if i = j and zero otherwise. Particularly, v1 = 1. We then

have the following.

Theorem 1: For each given α ∈ [0, 1], let {λi(α), i =
1, 2, . . . , n} and {vi(α), i = 1, 2, . . . , n} be the set of n
eigenvalues and the corresponding eigenvectors of Pα. Then,

we have λ1(α) = 1 and

λi(α) = (1− α)λi + α(1 − β), i = 2, 3, . . . , n, (7)

vi(α) = vi, i = 1, 2, . . . , n. (8)

Proof: See Appendix A.

Theorem 1 tells us that the transition matrix Pα (for hybrid

sampling) has the same set of orthonormal eigenvectors {vi}
as the ‘baseline’ transition matrix P (for pure crawling-

based sampling with MHRW), while each of its non-principal

eigenvalues is now a weighted average of λi and 1−β. This

relationship will greatly simplify our analysis on the efficiency

of hybrid sampling.

IV. ASYMPTOTIC VARIANCE OF ESTIMATOR

Given the hybrid sampling model, in this section, we first

show that the asymptotic variance for any nodal property

estimator of interest under Pα is convex in α. We then discuss

two extreme cases under which either pure crawling or pure

random jump method becomes optimal. We also assess the

precision of our estimator using asymptotic variance when a

finite number of samples are used in any practical setting.

A. Properties of Asymptotic Variance of Estimator

From the theory of ergodic and reversible Markov chains,

e.g., [17, pp.232–235], the asymptotic variance υ(f,Pα,u)
can be expressed in terms of the spectrum of P as

υ(f,Pα,u) =

n
∑

i=2

1 + λi(α)

1− λi(α)
|〈f,vi(α)〉u|2

= 2

n
∑

i=2

|〈f,vi〉u|2
1−(1−α)λi−α(1−β)

−
n
∑

i=2

|〈f,vi〉u|2, (9)

where the second equality is from Theorem 1. We define a

random variable Λ as

P{Λ = λi} = |〈f,vi〉2u|/Z, i = 2, 3, · · · , n, (10)

where

Z =

n
∑

i=2

|〈f,vi〉u|2 > 0 (11)

is a normalizing constant. The asymptotic variance

υ(f,Pα,u) then becomes

υ(f,Pα,u) = Z · [2EΛ{h(Λ, α, β)} − 1] , (12)

in which h(λi, α, β) , [(1 − λi)(1 − α) + αβ]−1. Now, we

have the following.

Theorem 2: υ(f,Pα,u) is convex in α ∈ [0, 1].

Proof: For notational convenience, we write the asymp-

totic variance υ(f,Pα,u) as υ(α) for any given f . Differen-

tiating υ(α) in (12) twice with respect to α gives

υ′′(α) = 2Z · EΛ{h′′(Λ, α, β)}.
Direct calculation yields

h′′(λi, α, β) =
2(λi − 1 + β)2

[(1 − λi)(1− α) + αβ]3
≥ 0,

because the denominator (1−λi)(1−α)+αβ is always positive

for α ∈ [0, 1], which is from λi ≤ λ2 < 1 and β > 0. This

completes the proof.

This convex property of υ(f,Pα,u) provides us a conve-

nient guideline to search for the following optimal α∗

α∗ = α∗(f) , argmin
α∈[0,1]

υ(f,Pα,u) = argmin
α∈[0,1]

υ(α)

by applying any standard convex optimization technique for

any given β. Here, the notation α∗(f) is to clearly indicate
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the dependency of the optimal α on the property f to be

estimated. We will simply write α∗ instead, whenever no

confusion arises.

B. Discussion on Two Extreme Cases

For a large complex network, it is mostly impossible to

obtain the set of all its eigenvalues and eigenvectors of the

transition matrix Pα. We are thus faced with an optimization

problem of minimizing the objective function as given in (9)

that, albeit looks simple, defies any closed form expression.

Estimating all its eigenvalues and eigenvectors is certainly

beyond anyone’s reach. Nonetheless, here we are able to find

out simple conditions for two special cases under which either

the pure-crawling (α = 0) or always random jumping (α = 1)

turns out to be the optimal strategy. The first special case is

given next.

Proposition 1: If 1− λ2 ≥ β, then α∗(f) = 0 for any f .

Proof: First, fix f . By differentiating υ(·) in (12) with

respect to α, we have

υ′(α) = 2Z · EΛ{h′(Λ, α, β)}

= 2Z · EΛ

{

1− β − Λ

[(1 − Λ)(1− α) + αβ]2

}

(13)

Since 1−λi ≥ 1−λ2 for all i = 2, 3, . . . , n, under the stated

assumption, we have 1− β − λi ≥ 0 for all i. Thus, υ′(0) =
2Z · EΛ{ 1−β−Λ

(1−Λ)2 } ≥ 0. Since υ(α) is convex in α ∈ [0, 1]

from Theorem 2, υ′(α) is increasing (non-decreasing), thus

υ′(α) ≥ υ′(0) ≥ 0 for all α ∈ [0, 1], implying that υ(α)
is increasing in α. Therefore, the optimal α∗ that minimizes

υ(α) is α∗ = 0. This completes the proof.

Proposition 1 says that when 1− λ2 ≥ β, always crawling

the graph without random jump is optimal for any arbitrary

nodal property f to be estimated. Note that this is a sufficient

condition. The condition 1−λ2 ≥ β typically holds when β is

very small or λ2 is away from 1 in that the gap 1−λ2 is larger

than the density of valid IDs. Equivalently, the condition can

be written as τ2 = 1/(1− λ2) ≤ 1/β, where τ2 is called the

relaxation time [21], and 1/β is the expected number of steps

until to obtain independent samples under pure jump strategy.

In this case, always crawling the graph is the optimal strategy,

since there’s no benefit of attempting to jump with the hope of

getting independent samples. In other words, any attempt to

jump with non-zero probability α produces ‘worse’ samples

with higher correlations overall, than the samples obtained by

pure-crawling all the time.

We however here point out that this condition is very strin-

gent, ensuring optimality of the crawling method for any f .

Many large complex networks are known to be ‘slow-mixing’

[22], implying that λ2 would be very close to one.2 Suppose

that the opposite condition holds, i.e., 1 − λ2 < β, which we

believe to be the case in most interesting scenarios. Note that,

2The condition says the spectral gap of the MHRW on the graph is O(1),
independent of the size n of the graph, suggesting that the graph is an expander
graph [23].

even in this case, it is still possible that α∗(f) = 0 for certain

choice of f . This means (1−β)/λ2 < 1. Thus we can always

find positive number α ∈ (0, 1) such that (1−β)/λ2 < α < 1,

yielding λ2(α) = (1 − α)λ2 + α(1 − β) < λ2. That is to

say, we can also increase the spectral gap (or decrease the

relaxation time) by choosing such α for faster convergence of

the resulting chain Pα than the original P.

We now discuss the other extreme case in which always

attempting to jump is the optimal strategy.

Proposition 2: For a given f , α∗(f) = 1 if and only if

E{Λ} ≥ 1− β, where Λ is defined in (10) and (11).

Proof: Again, using (13), under the stated assumption,

we have υ′(1) = 2Z · EΛ{ 1−β−Λ
β2 } ≤ 0. Then, following the

similar steps in the proof of Proposition 1 and from Theorem 2,

we know that υ(α) is decreasing in α ∈ [0, 1]. Thus, the

optimal α∗ that minimizes υ(α) is α∗(f) = 1. Conversely, if

α∗(f) = 1, the function υ(α) must be decreasing since it is

convex, and this necessitates υ′(1) ≤ 0, which then becomes

the stated assumption.

Proposition 2 tells us that if E{Λ} is larger than the density

of invalid IDs, then attempting to random jump all the time

is the optimal strategy. To better understand the term E{Λ},

consider a general reversible Markov chain P with uniform

stationary distribution π = u. For a given f , let Λ be the

random variable as before, and define the autocorrelation

coefficient of a stationary sequence f(Xk), k=0, 1, . . . , as

γ(k) ,
Eu{(f(X0)− Eu(f))(f(Xk)− Eu(f))}

Varu(f)
. (14)

Then, we have the following.

Lemma 1: For k = 1, 2, . . ., we have E{Λk} = γ(k).

Proof: See Appendix B.

From Lemma 1, we know that E{Λ} is simply the lag-1

auto-correlation coefficient of the sequence f(Xn), where Xn

is the Markov chain with transition matrix P. Then Proposi-

tion 2 means if the correlation coefficient of the Markov chain

is strong enough to be larger than 1 − β, then the optimal

strategy is to always attempt to jump with α = 1. In this case,

crawling with non-zero probability would render the obtained

samples too heavily correlated over time, thus becomes infe-

rior than always attempting to jump (which will be successful

only with probability β). In practice, this condition is very easy

to check. Let (X1, X2, · · · , Xt) be a stationary sequence of t
sampled vertices, then r̂(k) = 1

t−k

∑t−k−1
i=0 f(Xi)f(Xi+k) is

an asymptotically unbiased estimator [24] of the autocorrela-

tion function r(k) = Eu {f(Xi)f(Xi+k)} for k = 0, 1, · · · ,
thus one would simply need to find r̂(1)/r̂(0) for a consistent

estimator of γ(1) = E{Λ}.

C. Estimation with Finite Samples

Although the asymptotic variance defined in (3) is of

important analytical use, researchers would have to use the

mean squared error based on finite number of samples to
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approximate the asymptotic variance. Here, we will discuss

in detail the impact of such sample space constraint.

Let t be the sample size. Assuming that the initial dis-

tribution of the Markov chain P is drawn from its uniform

stationary distribution, the re-scaled mean squared error (or

variance) of the estimator µ̂t(f) in (1) under the chain P

becomes

t ·Var(µ̂t(f)) = Varu(f) ·
[

1 + 2

t−1
∑

k=1

(

1− k

t

)

γ(k)

]

, (15)

where γ(k) is defined in (14). On the other hand, the asymp-

totic variance defined in (3) can be written as

υ(f,P,u) = Varu(f) ·
[

1 + 2

∞
∑

k=1

γ(k)

]

. (16)

Our next result shows that the error between the asymptotic

variance and the (re-scaled) mean squared error based on t
samples is bounded by O(t−1).

Proposition 3: For any f and any reversible chain P with

uniform stationary distribution u,

|υ(f,P,u)− t · Var(µ̂t(f))| <
4Varu(f)

t(1− λ2)2
. (17)

Proof: Using (15) and (16), observe that, from Lemma 1

υ(f,P,u)− t · Var(µ̂t(f))

2Varu(f)
=

t−1
∑

k=1

k

t
γ(k) +

∞
∑

k=t

γ(k)

=

t−1
∑

k=1

k

t
E{Λk}+

∞
∑

k=t

E{Λk} = EΛ

{

Λ(1− Λt)

t(1− Λ)2

}

.

By taking absolute values on both sides, we get

|υ(f,P,u)− t ·Var(µ̂t(f))|
2Varu(f)

≤ EΛ

{∣

∣

∣

∣

Λ(1− Λt)

t(1− Λ)2

∣

∣

∣

∣

}

≤ EΛ

{

|Λ|+
∣

∣Λt+1
∣

∣

}

t(1 − λ2)2
<

2

t(1− λ2)2
,

where the second inequality follows from 1−Λ ≥ 1−λ2, and

the last inequality is from |Λ| < 1. This completes the proof.

Proposition 3 says the error between the asymptotic variance

of an estimator and its finite-sample counterpart becomes

negligible as the number of samples t increases. We thus

expect that the convexity of the asymptotic variance and its

relevant spectral properties carry over into the (re-scaled) mean

square error t ·Var(µ̂t(f)) and also the original mean squared

error Var(µ̂t(f)) for a fixed sample size t, when t is large

which is typically the case in real large graphs.

V. NUMERICAL RESULTS

In this section, we provide numerical results to support

our theoretical findings and compare the performance of the

sampling algorithm under different parameter settings.

A. Data Set

We performed our experiments on real world dataset from

Google web graph. [25]. Google web graph is composed of

web pages with directed hyperlinks between them. The 875713

nodes in the graph represent the sampled web pages and the

5105039 edges represent the hyperlinks. The largest connected

component (LCC) contains 855802 nodes. In the following

simulations, we use the undirected version of the graph and

consider only its LCC for the fair comparison between hybrid

sampling, MHRW and random jump [7], [12], [13]. Each point

in the following figures is the average of 104 independent tests.

B. Performance Metrics and Estimation Error

We concentrate on the degree distribution P{DG = d}
estimates and global clustering coefficient given by C =
1

|N |

∑|N |
i=1 ci where ci = △(i)/

(

di

2

)

for di ≥ 2, otherwise,

ci = 0. Here, △(i) = |(j, k) ∈ E : (i, j) ∈ E and (i, k) ∈ E|
is the number of triangles that contain vertex i, and

(

di

2

)

=
di(di − 1)/2 is the number of possible triangles composed of

vertex i and its neighbors. For estimation of P{DG = d}, we

choose f(i) = 1{di=d} as the corresponding estimator, while

we set f(i) = ci as the estimator for the clustering coefficient.

To measure the estimation accuracy, we use the normalized

root mean squared error (NRMSE) [26], [12] defined by

NRMSE(x̂j(t)) =

√

E

[

(x̂j(t)− xj)
2
]

/xj , j = 1, 2, · · · ,

which measures the relative error of the estimator x̂j with

respect to its ‘ground truth’ value xj when the number of sam-

ples is t. In our unbiased sampling case, xj = limt→∞ x̂j(t).
In the literature, this metric is generally preferred over the

mean squared error, as the NRMSE enables us to compare the

errors for different functions on a common scale.

C. Simulation Results
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Fig. 2. NRMSE vs. α in estimating degree distribution (inset: degree
distribution).

In Figure 2, for different values of β, we present the

NRMSE curves that vary as a function of jump probability

α for the estimation of degree distribution. The degree distri-

bution of the graph is also given in the inset figure. Here

each point is the average NRMSE taken over all degrees

with 8.5 × 106 samples. It shows that the curves (linear

combination of convex functions) are convex in α as predicted
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Fig. 3. NRMSE vs. t under β = 1/20 in estimating degree distribution.

in Theorem 2. the minimum NRMSE values are achieved at

around α = 0.05 for the six curves, and the corresponding

improvements over MHRW and random jump is obvious. In

Figure 3, the relation between the average NRMSE and the

sample size t is investigated under β = 1/20. We can see that

the optimal hybrid sampling reduces the sample size to 50%
that of MHRW and 5% that of random jump to achieve the

same overall NRMSE, thus the cost saving is clearly evident.
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Fig. 4. Optimal α vs. degree in estimating degree distribution.

Figure 4 shows the optimal α in estimating P{DG = d} for

each degree d. For relatively small degrees (high percentage

over the whole graph), the optimal jump probability α∗ = 1,

namely, employing random jump will be most beneficial,

while for relatively large degree (small percentage), MHRW

will serve as the optimal sampling strategy. In between is

the transition phase. Here we give an explanation for the

phenomenon using Figure 5. For the set of nodes which occupy

a small portion over the graph, the frequency that a random

walker visits the set is relatively small (f(Xt) = 1 and

represented by red circles if the nodes in this set are hit as

in Figure 5(a)), then the samples do not have much interplay

under MHRW. While for the relatively larger set (Figure 5(b)),

because of the repetition of the same samples from MHRW

as well as the assortativity between pairs of linked nodes,

the correlation of consecutive steps is large. This leads to

poor performance employing just pure random walk. Thus the

optimal α is inclined to be 1.

In order to compare the simulation results and our presented

condition in Proposition 2, we estimate EΛ{Λ} using the esti-

(a)

(b)

f(X1), f(X2), f(X3), f(X4)…..

f(Xt)=1

f(Xt)=0

Fig. 5. Illustration for a Markov chain {Xt} on a graph with the red circle
as f(Xt) = 1 and the black cross as f(Xt) = 0: (1) When the percentage
of the set of nodes is relatively small, (2) When the percentage of the set of
nodes is relatively large.
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Fig. 7. NRMSE ratio of optimal hybrid sampling to MHRW.
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Fig. 8. NRMSE ratio of optimal hybrid sampling to random jump.

mator for γ(1) in (14) and compare it with 1−β (represented

as the lines) in Figure 6. The result is in accordance with what

is observed in Figure 4. For instance, for the degrees smaller

than 15, EΛ{Λ} > 1− β for β = 1/2, in which case the best
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sampling strategy is supposed to be random jump. Moreover,

the corresponding NRMSE ratios of optimal hybrid sampling

to MHRW and to random jump are depicted in Figure 7 and

8 respectively.
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Fig. 9. NRMSE vs. α in estimating clustering coefficient.
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Fig. 10. NRMSE vs. t under β = 1/20 in estimating clustering coefficient.

We then set our target function as the global clustering

coefficient in Figure 9 and 10. From Figure 9, we see a

sharp reduce in NRMSE when a small probability random

jump is introduced to MHRW, and then its change with α
is relatively mild. This trend says the introduction of random

jump can bring out decent benefit and when α changes over a

wide range, the benefit doesn’t actually have much fluctuation.

Thus for this case, the estimation of the optimal α is not

necessarily in strict accuracy. Again, the results are in good

agreement with our theoretical finding that the NRMSE is a

convex function of α. We also estimate EΛ{Λ} = 0.838 in

this case, and expect that for β = 1/2 and 1/5, the NRMSE

curves are monotonically decreasing with the minimum value

taken at α = 1 as predicted in Proposition 2. This guess is

justified in Figure 9. In Figure 10, we also plot the NRMSE

varying with the increase of t for β = 1/20 in estimating the

clustering coefficient. The optimal sampling strategy (random

jump) reads about 96% cost saving compared to MHRW to

achieve 0.013 in NRMSE. Thus, we can conclude that hybrid

sampling exhibits great potential in improving the estimation

error of both degree distribution and clustering coefficient.

We also repeat the same set of simulations over Road-PA

graph and Wiki-Vote graph, and we observe similar trends.

Due to the space limit, we refer to our technical report [27]

for more details.

VI. CONCLUSION

We have proposed a general framework for hybrid graph

sampling methods, which enables us to correctly evaluate the

potential benefits of crawling-based sampling with random

jump. In particular, we analyzed the entire spectrum of a

generic hybrid sampling model, and found out the convex

property of the asymptotic variance of its resulting estimator.

We also obtained the conditions under which pure crawling or

random jump serves as the best sampling strategy (to minimize

the asymptotic variance), so that before collecting samples,

a preprocessing procedure can lead to a quick decision for

optimal sampling performance under the extreme cases. While

our theoretical analysis was mostly done for the asymptotic

variance, we also demonstrated a small error between the

asymptotic variance and the (re-scaled) variance of finite sam-

ples, which shifts our attention from the theoretical analysis

into its practical use. In addition, we provided simulation

results over real-world network dataset to reveal the great

potential of hybrid graph sampling in improving the estimation

accuracy, and also support our analytical findings. We expect

that our results would serve as guidelines for the design of

more efficient hybrid sampling methods.
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APPENDIX

A. Proof of Theorem 1:

We need the following result regarding rank-one update of

a matrix and its resulting eigenvalues and eigenvectors.

Proposition 4: [28], [29] Let A be an n × n arbitrary

matrix with eigenvalues θ1, θ2, . . . , θn and their corresponding

eigenvectors x1,x2, . . . ,xn. Pick one of the eigenvectors, xk,

and set µk = θk+xT
k q for any n-dimensional vector q, where

µk 6= θi, i = 1, 2, . . . , n.

Then, the matrix A′ = A + xkq
T (rank-one update) has

eigenvalues of {θ1, θ2, . . . , θk−1, µk, θk+1, . . . , θn}, and the

corresponding eigenvectors of {w1, . . . ,wk−1,xk,wk+1,
. . . ,wn}, where

wi = xi −
qTxi

µk − θi
xk, i 6= k.

Here we define A = (1 − α)P + α(1 − β)I. Clearly, the

eigenvalues of A are

θi = (1 − α)λi + α(1 − β), i = 1, 2, . . . , n, (18)

associated with the same eigenvectors xi = vi of P. We now

apply Proposition 4 to the matrix A and set k = 1, q = αβ
n
1.

Note that x1 = 1 with λ1 = 1 here. Then we have

Pα = A+
αβ

n
11T = A+ x1q

T .

Observe

µ1 = θ1 + xT
1 q = (1− α) + α(1 − β) +

αβ

n
1T1 = 1.

Clearly, µ1 6= θi for all i = 1, 2, . . . , n. Thus, Proposition 4
asserts that v1(α) = 1 is an eigenvector of the matrix Pα

associated with the eigenvalue λ1(α) = µ1 = 1, and the

eigenvectors of Pα associated with λi(α) = θi, i 6= 1, are:

vi(α) = vi −
αβ1Tvi

n(1− λi(α))
1, i = 2, 3, . . . , n. (19)

Since P is symmetric, all the eigenvectors are orthogonal, thus

1Tvi = 0 for i = 2, . . . , n. This means vi(α) = vi for

i = 1, . . . , n, and the corresponding eigenvalues of Pα are

λi(α). From (18) and our definition of λi(α) in (7), we are

done.

B. Proof of Lemma 1:

We prove the result here for a slightly more general case

with arbitrary π, not necessarily with the uniform π = u. For

any function f : N → R, we interpret P as an operator from

N to N defined as

(Pkf)(i) ,
∑

j∈N

P (k)(i, j)f(j) = E{f(Xk)|X0 = i}, (20)

where P (k)(i, j) is the k-step transition probability from i to

j. Then, from (20), we have

〈f,Pkf〉π ,
∑

i,j∈N

π(i)f(i)P (k)(i, j)f(j)

= Eπ{f(X0)f(Xk)}. (21)

On the other hand, since the set of eigenvectors

{v1,v2, · · · ,vn} forms an orthonormal basis of R
n ,

any vector f ∈ R
n (or a function f : N → R) can be

expressed as f =
∑n

i=1 αivi, where αi = 〈f,vi〉π . It thus

follows that

Eπ(f
2) = 〈f, f〉π =

n
∑

i=1

|〈f,vi〉π|2. (22)

Similarly, note that

|〈f,v1〉π|2 = |〈f,1〉π|2 = E
2
π(f). (23)

Thus, the normalizing constant Z becomes

Z =

n
∑

j=2

|〈f,vj〉π |2 = Eπ(f
2)− E

2
π(f) = Varπ(f). (24)

Now, observe

〈f,Pkf〉π =

〈

n
∑

i=1

〈f,vi〉πvi, Pk

(

n
∑

i=1

〈f,vi〉πvi

)〉

π

=

〈

n
∑

i=1

〈f,vi〉πvi,
n
∑

i=1

λk
i 〈f,vi〉πvi

〉

π

=

n
∑

i=1

λk
i |〈f,vi〉π |2 = |〈f,v1〉π|2 + Z · EΛ{Λk}

= E
2
π
(f) + Varπ(f)EΛ{Λk}, (25)

where the second last equality is from (10)–(11), and the last

equality is from (23)–(24). Thus, (14) follows by combining

(21) and (25), and by noting that

Eπ{(f(X0)− Eπ(f))(f(Xk)− Eπ(f))}
= Eπ{f(X0)f(Xk)} − E

2
π
(f).

In our case, π = u, This completes the proof.


