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A Measurement-Analytic Approach for QoS
Estimation in a Network based on the Dominant

Time Scale
Do Young Eun and Ness B. Shroff, Senior Member, IEEE

Abstract— In this paper we describe a measurement-
analytic approach for estimating the overflow probability, an
important measure of the quality of service (QoS), at a given
multiplexing point in the network. A multiplexing point in
the network could be a multiplexer or an output port of
a switch or router where resources such as bandwidth and
buffers are shared. Our approach impinges on using the
notion of the dominant time-scale (DTS), which corresponds
to the most probable time-scale over which overflow occurs.
The dominant time-scale provides us with a measurement
window for the statistics of the traffic, but is in fact itself
defined in terms of the statistics of the traffic over all time.
This, in essence, results in a chicken and an egg type of un-
resolved problem: For the dominant time scale to be useful
for on-line measurements, we need to be able to break this
chicken and egg type of cycle, and to estimate the DTS with
only a bounded window of time over which the statistics of
the traffic are to be measured. In this paper, we present a
stopping criterion to successfully break this cycle and find
a bound on the dominant time scale. Thus, the result has
significant implications for network measurements. Our ap-
proach is quite different from other works in the literature
that require off-line measurements of the entire trace of the
traffic. In our case, we need to measure only the statistics
of the traffic up to a bound on the dominant time scale. We
also investigate the characteristics of this upper bound on
the dominant time scale, and provide numerical results to
illustrate the utility of our measurement analytic approach.

Keywords—Dominant time scale, measurements, Gaussian
processes, stopping criterion, overflow probability.

I. Introduction

IN this paper we develop a measurement-analytic ap-
proach to estimate the overflow probability at a mul-

tiplexing point in the network. As shown in Figure 1, a
multiplexing point in the network is where the resources
are shared. (It could be a multiplexer or the output port
of a switch.) The reason why we study the overflow prob-
ability is that it is a fundamental measure of network con-
gestion. Hence, accurately estimating it is important both
from a quality of service (QoS) and a network optimization
perspective.

Traditionally, researchers have pursued the problem of
QoS estimation either from a purely analytical or a purely
measurement-based approach. We propose to use methods
combining measurement and analysis. For an illustrative
example, assume that a network controller needs to esti-
mate a QoS parameter such as the overflow probability.
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Fig. 1. A typical network

Then there are different approaches that one could take to
estimate this parameter. One approach would be to di-
rectly measure the overflow instants, which would be fine
if the instants occurred frequently enough. However, if the
QoS metric corresponds to a rare event, e.g., an overflow
probability of 10−7, such a purely measurement-based ap-
proach may not work because it would take too long—any
reasonable time-window would have too few samples (if
any) to make an accurate estimation. Another technique
may be to observe the overflow of a “virtual queue” with a
smaller capacity (so that we are sampling at a higher loss
rate, perhaps by using a packet marking technique) and
make a mapping from this higher overflow probability to
the actual overflow probability. The difficulty here is to
determine the precise mapping rule to be used.

Our objective is to estimate the statistics of rare events,
namely small values of the buffer overflow probability.
Now, if we had an accurate analytical approach to compute
these probabilities from the statistics of the arrival process,
then we could simply measure the statistics of the traffic
arrival process, and based on these measurements compute
the overflow probability. This would solve the problem
by working around the difficulty of having to measure rare
events. Of course, there is still the problem of which statis-
tics of the arrival stream to measure and over what window
of time. Further, we need to ensure that the model is rela-
tively simple and parsimonious so that it does not require
too many parameters. These issues will be further explored
in the paper.

In the last several years, various long-range dependent
(LRD) and self-similar models have been found to accu-
rately characterize Internet traffic. These models have been
proposed as being more suitable than traditional Marko-
vian models, in that they are able to capture the bursti-
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ness over large time scales using a relatively small number
of parameters [2], [3]. There have been in fact a number
of arguments for and against the importance of LRD for
traffic modeling [4], [5], [6]. However, recently, the no-
tions of time- and space-scales have been able to fill in this
divergence of opinions [6], [7], [8], [9]: Depending on the
network configuration, there exists a time scale, called the
Dominant Time Scale (DTS) over which the traffic should
be characterized in order to estimate various QoS mea-
sures such as buffer overflow probabilities and delay distri-
butions.

The concept of the dominant time scale is quite useful
for queueing analysis and is closely related to the concept
embodied in the statement rare events occur in the most
probable way. To see this more precisely, let A(s, t) be the
amount of traffic arrival in the time interval [s, t) and C
be the service capacity of the link. If we define Xt :=
A(−t, 0) − Ct, then the steady state overflow probability
P{Q > x} is given by

P{Q > x} = P
{

sup
t≥0

Xt > x
}
, (1)

where x is the buffer level under consideration. Now the
above statement says that,

P
{

sup
t≥0

Xt > x
}
≈ sup

t≥0
P{Xt > x} (2)

for sufficiently large x. This approximation is in fact a
lower bound and shown to be quite accurate using large
deviations [10], [11] and extreme value [12], [13] theories.
It thus leads to the notion of the dominant time scale (DTS)
defined as the time index at which P{Xt > x} attains its
maximum. From (2), it is easy to see that the DTS is the
most probable duration of a busy period prior to overflow.
In the large deviations setup [10], [11], the approximation
(2) is obtained in a log-asymptotic way by picking the dom-
inant exponent, or so-called the principle of the largest
term. The idea is as follows. Assuming t is discrete, we
start out by the following simple relation:

sup
t≥0

P{Xt > x} ≤ P
{

sup
t≥0

Xt > x
}

= P
{
∪t (Xt > x)

}
≤
∑

t

P{Xt > x}.

Thus, if the probability P{Xt > x} decays fast enough in x,
then the principle of the largest term applies, validating (2)
on a log scale. Similarly, for a large class of Gaussian pro-
cesses, the authors [12], [13] have established a result (e.g,
see Theorem 3 in [13]) involving the DTS, using extreme
value theory. Intuitively, it says that ifXt ever exceeds level
x, then it exceeds level x within a relatively small interval
around the DTS. For further results and explanations on
this, see [13], [14] and references therein.

For fairly general processes, there has recently been a
large body of work that employs the notion of time scale
based on large deviation theory [9], [15], [16]. This effort

has focused on the asymptotic behavior of the buffer over-
flow probability when the number of sources, the queue
length, and the service rate are all proportionally sent to
infinity. Let L(C,B, n) be the buffer overflow probabil-
ity for a buffer level B, service rate C and source vector
n = (n1, . . . , nJ ) (where nj is the number of sources of type
j). Then the result says that

lim
N→∞

1

N
logL(Nc,Nb,Nn) = −I

= − inf
t

sup
s

[s(ct+ b)− st
J∑

j=1

njαj(s, t)], (3)

where αj(s, t) := logE{exp(sAj(0, t))}/st is the effective
bandwidth of a source of type j (see [17] for details). This
equation is referred to as the many sources asymptotic and
has been proven for discrete time in [16], and for continuous
time in [15]. From this equation, the overflow probability
can be written as

P{Q > Nb} = e−NI+o(N) ≈ e−NI . (4)

In order to use the many sources asymptotic, we need to
calculate the extremizing parameters in (3). Let s∗ and t∗

be the extremizing parameters over the sup and inf, respec-
tively. The parameter s∗ can be calculated easily due to
the convexity of αj(s, t). Unfortunately, in the literature,
there is no general property that we can take advantage
of in order to find t∗ (the parameter that is related to the
DTS) [9], [18].

In this paper, we characterize the input process by a
Gaussian process. As in the many-sources asymptotic, the
Gaussian setting works especially well when a large number
of sources are multiplexed. However, by a priori modeling
the aggregated input traffic as Gaussian allows us to obtain
important properties of the DTS. Our goal in the paper
will be to develop a measurement-analytic approach based
on the DTS to estimate the buffer overflow probability.
The DTS provides us with a measurement window for the
statistics of the input process, but as will be discussed,
is itself defined in terms of the statistics over all time t
of the input process. Thus, for the DTS to be useful for
on-line measurements, we need to be able to estimate it
by measuring the statistics of the input process over only a
bounded time window. This is really the central problem of
the paper and distinguishes our solution from other works
in the literature.

The rest of this paper is organized as follows. In Sec-
tion II, we outline the measurement-analytic approach and
the chicken and the egg type of problem that needs to be
solved to make it viable. In Section III, our main section,
we present a stopping criterion for finding the DTS and
breaking this chicken and egg cycle. In Section IV, we pro-
vide an algorithm based on the stopping criterion that can
be used for taking on-line measurements and making deci-
sions such as admission control. Using real traffic traces, we
show that the overhead is reasonable, as predicted by the
asymptotic result in Section III and that our approach per-
forms quite well at any multiplexing point in the network.
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In Section V, we extend our approach to a multi-buffered
queueing system with general work-conserving service dis-
ciplines. In Section VI, we discuss the importance of our
results and their implications for traffic modeling, as well
as on-line measurement aspects of our approach. Finally
in Section VII, we conclude.

II. Problem Description and Background

As mentioned in the introduction, we will assume that
the input process to a multiplexing point in the network
(see Figure 1) is Gaussian. The motivation behind Gaus-
sian traffic characterization is that it is very natural when a
large number of sources are multiplexed (motivated by the
functional Central Limit Theorem (CLT) [19]), as is ex-
pected to be the case in future networks. In fact, extensive
numerical results by us and other researchers have demon-
strated that the aggregation of even a fairly small num-
ber of traffic streams is usually sufficient for the Gaussian
characterization of the input process. Further, Gaussian
processes are closed under superposition. Therefore, un-
like the case of Markovian queueing models (e.g., see [20],
[21] for difficulties with Markovian queueing models), an-
alyzing a queue with a large number of Gaussian sources
is no more difficult than analyzing a queue with a single
Gaussian source. Also, Gaussian processes are completely
specified by their first two moments. This makes Gaussian
traffic characterization ideal from a measurement point of
view, since measuring statistics beyond the second moment
is usually impractical. Also, Gaussian processes can have
an arbitrary correlation structure and this includes LRD
(when the covariance function is not summable) processes.
Hence, Gaussian processes cover all second-order LRD or
second-order self-similar processes that have been shown to
be good models for characterizing actual traffic [2].

Our multiplexing model constitutes a queueing sys-
tem with fixed service rate C fed by a Gaussian process
{A(0, t) : t ≥ 0} with stationary increments and mean rate
λ = E{A(0, t)/t}. Further, let Xt := A(−t, 0) − Ct and
κ := −E{Xt}/t = C − λ, and σ2(t) := Var{Xt}. If we
define f(t, x, κ) as

f(t, x, κ) :=
σ2(t)

(κt+ x)2
, (5)

then the DTS∗ t̂(x, κ) becomes

t̂(x, κ) = arg max
t≥0
{f(t, x, κ)}. (6)

Note that P{Xt > x} = Φc((κt + x)/σ(t)), where Φc(·)
is the complementary cdf of a standard Gaussian random
variable. Since Φc(·) is a decreasing function of its argu-
ment, t̂(x, κ) in (6) is the same time at which P{Xt > x}
achieves its maximum value. From [13], [14], for a large
class of Gaussian processes, it has been shown that

logP
{

sup
t≥0

Xt > x

}
+
m(x, κ)

2
∈ O(log x), (7)

∗This is often called relevant time scale or critical time scale in
similar contexts. see [6], [7], [8]

where

m(x, κ) := (κt̂(x, κ) + x)2/σ2(t̂(x, κ)) = 1/ sup
t≥0

f(t, x, κ).

(8)
This result is often called the Maximum Variance Asymp-
totic result or the MVA result. In [13], it has been pointed
out that the asymptotic result provided by the relationship
(7) has a significantly finer resolution than large deviation
results. Further, and perhaps more importantly from a net-
working standpoint, although (7) is an asymptotic relation,
the authors have shown through extensive simulations that
the following approximation

P{Q > x} = P
{

sup
t≥0

Xt > x

}
≈ exp(−m(x, κ)

2
) (9)

that naturally follows from (7) provides an accurate esti-
mate of the overflow probability over a wide range of buffer
levels and utilizations. Note that the MVA approximation
of the buffer overflow probability (9) is completely deter-
mined by t̂(x, κ) and σ2(t̂(x, κ)). Hence, once we are able
to obtain t̂(x, κ) and σ2(t̂(x, κ)) from measurements, we
can immediately calculate P{Q > x} from (9). Here, it is
interesting to see that, in the case of Gaussian sources, the
parameter t∗ in (3) is equivalent to the DTS t̂(x, κ), and
that (4) gives the same expression as the MVA (9) result
when the input process is Gaussian [12], [13], [22].

In the literature there exists some work to calculate the
extremizing point t∗ and numerical methods have been pro-
posed. In [18], the entire source traffic was first recorded
and then the whole time interval was divided into a se-
quence of time-intervals with fixed step ∆. Then, for each
t = n∆, n = 1, 2, . . ., the authors computed the effective
bandwidth at this point and finally performed a full search
among those n∆, n = 1, 2, . . . to find t∗. In [23], the authors
proposed an iterative method to find (s∗, t∗) using appro-
priate traffic substitution at each step. (We refer to the
paper for details.) However, the rate of convergence (and
convergence itself) of this method has not been analytically
proven. What is important is that both these techniques
require the entire recorded traffic trace while the method
described in this paper will require only a partial amount
of measured information.

As mentioned before, the MVA approximation given by
(9) is supported theoretically by a variety of asymptotic
results and empirically by extensive numerical studies [12],
[13], [14], [24]. Hence, in this scenario we have a good an-
alytical tool to estimate the overflow probability. Further,
the MVA result depends only on κ = C − λ, t̂(x, κ), and
σ2(t̂(x, κ)). Now, we need to determine the mean rate λ
and t̂(x, κ) as well as σ2(t̂(x, κ)), the variance up to the
DTS, from measurements to estimate the overflow proba-
bility P{Q > x} (or equivalently P{supt≥0Xt > x}). Esti-
mating λ is fairly straightforward since the rate of flow can
be measured from traffic traces by counting the number
of aggregate packets arrived in time intervals. However,
estimating t̂(x, κ) and σ2(t̂(x, κ)) requires that we know a
priori what the DTS is. But, from the definition of the
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DTS in (6), t̂(x, κ) = arg maxt≥0 σ
2(t)/(κt + x)2, i.e., the

DTS itself requires taking the maximum over all t of the
normalized variance. This means that we need knowledge
of σ2(t) over all t. Hence, we are faced with what seems to
be an unresolvable chicken and an egg problem, i.e., which
comes first: the measurement window t̂(x, κ) or the vari-
ance σ2(t)? It turns out that we can indeed break this
cycle, as will be shown in Section III. But first we state an
important property of the DTS that is also appealing from
a measurement viewpoint.

Proposition 1: The DTS t̂(x, κ) is an increasing function
of x/κ.

Proof: [Reproduced (for completeness) here from [25]]
Since t̂x is a function of x

κ (See (6)), without loss of gener-
ality, we can set κ = 1. Assume that there exist x and x′

such that x < x′ and t̂(x, 1) > t̂(x′, 1). From the definition
of t̂(x, 1) and t̂(x′, 1), we should then have

σ2(t̂(x′, 1))

(t̂(x′, 1) + x)2
≤ σ2(t̂(x, 1))

(t̂(x, 1) + x)2
, and

σ2(t̂(x, 1))

(t̂(x, 1) + x′)2
≤ σ2(t̂(x′, 1))

(t̂(x′, 1) + x′)2
.

However, by multiplying the above inequalities side by side,
we get

(x′ + t̂(x′, 1))2

(x + t̂(x′, 1))2
≤ (x′ + t̂(x, 1))2

(x+ t̂(x, 1))2
,

which cannot be true because (x′+t)2

(x+t)2 is a monotonically

decreasing function of t. Therefore, if x < x′, then we
should have t̂(x, 1) ≤ t̂(x′, 1).

What is important in Proposition 1 is that for any given
κ (or equivalently utilization ρ = λ/C), the DTS is increas-
ing in x. Similarly, for any given x, the DTS is increasing
in utilization (or decreasing in κ). These two results tell
us that we only need to estimate the DTS for the largest
utilization and buffer level of interest to us, and then we
can immediately have an upper bound on the DTS for all
lower buffer values and utilizations. Moreover, the DTS
depends on x and κ only by their ratio. This is very im-
portant because it reduces the degree of freedom from the
DTS being a function of two variables, to being a function
of one variable. This, from a practical point of view, means
not having to take different measurements for each value
of buffer size and utilization of interest. We now focus on
the aforementioned chicken and egg problem in estimating
the DTS.

III. Stopping Criterion for Finding the DTS

In this section, we present a method of how to find
the DTS using only a finite number of observations t =
t1, t2, t3, . . ., for σ2(t), thus breaking the cycle mentioned
earlier. Since the DTS itself is defined as a global maxima
of a function f(t, x, κ), it appears that one may have to es-
timate σ2(t) for all t > 0 in order to calculate the DTS. To
overcome this, we would really like to find a function such
that measuring this function over a finite amount of time

would enable us to find the global maximum. We show
next that there indeed exists such a function and hence
a stopping criterion for finding the DTS t̂(x, κ), telling us
that once the stopping criterion is satisfied, we don’t have
to estimate σ2(t) for larger values of t, and the cycle is
broken. To show this result we first need the following
Propositions:

Proposition 2: Let Xt be a stochastic process with sta-
tionary increments. Then, for any convex function h, the
function S(t) := tE{h(Xt/t)} is subadditive, i.e., S(s+t) ≤
S(s) + S(t) for all s, t ≥ 0.

Proof: Observe that

h

(
Xt+s

t+ s

)
= h

(
Xt + (Xt+s −Xt)

t+ s

)

= h

(
t

t+ s
(
Xt

t
) +

s

t+ s
(
Xt+s −Xt

s
)

)

≤ t

t+ s
h

(
Xt

t

)
+

s

t+ s
h

(
Xt+s −Xt

s

)
.

Thus, by taking expectations, we get the result from sta-
tionary increments property.

Proposition 3: Let σ2(t) = Var{Xt}, where Xt is any
stochastic process with stationary increments. Then,
r(t) := σ2(t)/t is subadditive and R(t) := σ2(t)/t2 satisfies
the following relation:

g(t) := max
u∈[t/2,t]

R(u) ≥ R(s), for all s ≥ t. (10)

Proof: See Appendix A.
Note that (10) implies that the function R(t) is likely

to decrease. In fact, the function g(t) is non-increasing,
which follows directly from the definition of g(t) and the
subadditivity of r(t). Note also that the log-log plot of R(t)
is the well-known variance-time plot, which has been used
for estimating the Hurst parameter [2]. Now we present
the stopping criterion.

Theorem 4 (Stopping Criterion) Suppose that for a
given x/κ > 0, there exist positive numbers ts and p satis-
fying

g(ts) = max
u∈[ts/2,ts]

R(u) ≤
( p

p+ 1

)2

R
(px
κ

)
, (11)

then t̂(x, κ) ≤ ts.
Proof: Observe that

κ2f(t, x, κ) =
σ2(t)

(t+ x/κ)2
= R(t)

( t

t+ x/κ

)2

.

Then clearly κ2f(t, x, κ) < R(t) for all t, x/κ > 0. For such
p and ts satisfying (11), suppose first that ts < px/κ. Then
by (11), we have g(ts) < R(px/κ) and this contradicts (10).
Thus we get ts ≥ px/κ. Now for all t ≥ ts, we have

κ2f(t, x, κ) < R(t) ≤ g(ts) ≤
( p

p+ 1

)2

R
(px
κ

)

= κ2f(px/κ, x, κ),

by Proposition 3. Hence, t̂(x, κ) ≤ ts.
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Note that Theorem 4 holds for any Xt with stationary
increments. In fact, since the Hurst parameter H is almost
always assumed to be less than 1 for general stationary
processes (the requirement for a stationary process is that
H ≤ 1 and “H = 1” corresponds to the pathological case
that Xt = X · t for some random variable X), R(t)→ 0 as
t → ∞. Thus limt→∞ g(t) = 0. Hence, ts can always be
chosen to be finite for any fixed p, x/κ > 0. Thus, in order
to use Theorem 4 for a given buffer level x and utilization
(or equivalently κ), we first estimate R(t) for several values
of t = t1, t2, . . . , tn. We then set positive numbers p =
p1, p2, . . . , pn such that pix/κ = ti. For example, set p =
p1, and compare the right hand side of (11) with g(ti) for
different values of i. If (11) is satisfied for a certain pair,
we immediately obtain an upper bound on t̂(x, κ), and the
DTS can be found by searching R(t) up to this bound.
A specific stopping algorithm using the stopping criterion
(Theorem 4) will be presented in Section IV-A.

Now in order to investigate the tightness of the bound,
we consider the following two special cases.

A. Fractional Brownian motion case

Suppose that σ2(t) = V t2H for t > 0, i.e., the input
processA(0, t) is a fractional Brownian motion process with
Hurst parameterH ∈ [0.5, 1). Then, from (11) and because
we can freely choose the positive constant p, the smallest
ts can be found as

ts = 2 min
p>0

[
(1 +

1

p
)

1
1−H p

] x
κ
. (12)

Direct calculations show that the right hand side of (12) is
minimized when p = p∗ = H

1−H and that the resulting ts is

ts = 2
( 1

H

) 1
1−H H

1−H
x

κ
= 2
( 1

H

) 1
1−H

t̂(x, κ) = b(H)t̂(x, κ),

where b(H) := 2( 1
H )

1
1−H . Typical values of H lie in [0.5, 1)

and it is easy to see that the function b(H) is monotoni-
cally decreasing from 8 to 2e in this interval. This means
that for a fBm process, in the worst case scenario, the stop-
ping criterion will give a measurement window that is eight
times the DTS.

B. Large buffer case

In this section, we study the behavior of ts/t̂(x, κ) as x
increases to infinity. First, suppose that σ2(t) ∼ V t2H , i.e.,

lim
t→∞

σ2(t)

V t2H
= 1, (13)

where 0.5 ≤ H < 1. Then, we have the following.
Proposition 5: Let ts(x, κ) be the number satisfying (11)

with equality,† that is,

g(ts(x, κ)) := max
p>0

( p

p+ 1

)2

R
(px
κ

)
. (14)

†If limt→0 σ2(t) = 0, it is easy to show that R(t) is continuous for
all t > 0 using Cauchy-Schwarz inequality and stationary increment
property. Hence g(t) is also continuous and the equality in (11) can
be achieved.

Then, for any fixed κ > 0,

lim
x→∞

ts(x, κ)

t̂(x, κ)
= b(H) = 2

( 1

H

) 1
1−H

. (15)

Proof: See Appendix B.
From (15), we know that there exists M > 0 such that

ts(x, κ)/t̂(x, κ) ≤M for all x > 0. Further, as x increases,
this function converges to a constant b(H). Although this
is an asymptotic result, we see in the next section using
real traces that ts(x, κ)/t̂(x, κ) is no larger than 6 for most
buffer levels x.

IV. Experimental Results

Using (11), we can find the DTS for different values of
x and κ. Since the DTS is a function of x/κ, we will fix κ
in the remainder of the paper and focus on the DTS as the
buffer level x increases. Similarly, we could apply our result
to the case of a fixed buffer level and different utilizations
(or κ). In this section we propose a simple algorithm to
find ts(x, κ) and show that ts(x, κ)/t̂(x, κ) is usually small,
as suggested by Proposition 5, for several different input
traffic scenarios. Since the point of the paper is not to
develop new estimation schemes for calculating the mean or
the variance at a given point (which can be done by using a
variety of standard methods), we assume that our estimates
of λ and R(t) are accurate. However, later in Section VI-B,
we will also look into the effect of estimation errors on the
overflow probability. Let the smallest time scale available
be normalized to one. For example, if we are measuring
traffic that is originally an MPEG-encoded video sequence
with 25 frames/sec, then one time unit will corresponds to
40ms. Suppose that we measureR(1), R(2), . . . as time goes
on and that we want to find t̂(x, κ) for x = i∆, i = 0, 1, 2, . . .
where ∆ is the buffer step size. Then, although Theorem 4
is stated for the continuous time case, it is straightforward
to see that we can still use it for the discrete time case, as
shown next.

A. Stopping algorithm

We can use (11) in the following form:
Discrete version of Theorem 4: If there exist positive

integers i, j and even number n satisfying

g(n) := max
n/2≤u≤n

R(u) ≤
( j
i∆
κ + j

)2

R(j), (16)

then t̂(i∆, κ) ≤ n.
In fact (16) can be proven by noting that the proof of

Proposition 3 is still valid in integer domain. Now suppose
that we knowR(1), R(2), . . . , R(n). Then, in order to apply
our stopping criterion, we first compute g(n) and compare
every pair of these values to see if (16) holds. If (16) is
satisfied for a certain pair, we immediately get the upper
bound. Hence, we can find t̂(i∆, κ) without knowing all
R(n) for n ≥ 1.

Let ts(i, κ) be the upper bound on t̂(i∆, κ) from (16)
and let a(i, j) := (j/(i∆/κ + j))2. Figure 2 shows the
flowchart describing the algorithm for finding ts(i, κ) for
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current_loop = 0

loop = current_loop,  prev_loop = loop

j = j+1
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ENDstart > M Yes

a(i,j)R(j) 

No

g(n)

start = start + loop,  n = n+2

Fig. 2. Algorithm for finding ts(i, κ), the upper bound on the domi-
nant time scale

i = 1, 2, . . . ,M while measuring R(n) as n increases. This
algorithm can be explained as follows. Let X = {xi,j} be a
matrix where xi,j := a(i, j)R(j) for i = 1, 2, . . . ,M . Note
that xi,j decreases as i increases and that R(n) completely
specifies the nth column of X . First, set i = 1. Whenever
a new value of g(n) is available, we compare it with xi,j
for j = 1, 2, . . . , n. If (16) is satisfied for some j̃, 1 ≤
j̃ ≤ n, then we get ts(i, κ) = n. In this case, we fix the
j̃th column and continue to compare xl,j̃ with R(n) for
l = i+ 1, i+ 2, . . ., until the condition (16) with i replaced
by l is violated. This will give ts(l, κ) = n. Once we have
found ts(i, κ) for i = 1, 2, . . . ,M , the DTS t̂(i∆, κ) can
be obtained by simply searching xi,j for t̂((i − 1)∆, κ) ≤
j ≤ ts(i, κ) using Proposition 1. This can be done by any
sophisticated searching method, or we can integrate this
with the above algorithm.

From now on, unless otherwise noted, we will use pre-
computed values of λ and R(n), and then apply the al-
gorithm described above in order to illustrate the power
of our stopping criterion. Note that without the stopping
criterion, even if we knew R(n) for all n, we would still
need to search over an infinite horizon to find the DTS. In
Section VI-B, we will describe how to calculate and up-
date the traffic statistics on-line, and investigate the effect
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Fig. 4. Buffer overflow probability and its MVA approximation for
40 multiplexed MPEG video traffic. Utilization is set to ρ = 0.85

of estimation error caused by the on-line estimation of the
traffic statistics, on the QoS estimates.

B. A single queue

To experimentally validate our stopping criterion and
numerically investigate the bound for a single queue, we
use MPEG-1 and JPEG encoded Star Wars video traffic
sequences with a 40ms frame interval. The first set is 20
multiplexed JPEG sources and the other one is 40 multi-
plexed MPEG sources. We obtain these multiplexed traces
by using a single trace, but with random offset (starting
points). Even though the number of multiplexed sources
is small, we will see that a Gaussian characterization will
yield good results. For the JPEG case, we have observed
(after calculating all the σ2(t)!) that the function f(t, x, κ)
in (5) is a uni-modal function for all x > 0. However, for
the MPEG case, due to its periodic nature, the function
f(t, x, κ) generally has more than one local maximum for
all the values of x > 0. Thus, without our stopping crite-
rion, one would have to measure σ2(t) for all t > 0 to find
the global maximum of f(t, x, κ).

Figure 3 shows ts(x, κ)/t̂(x, κ) as a function of buffer size
under a utilization of 0.9. For the JPEG case, the ratio is
well behaved for all buffer sizes under consideration. In
contrast, for the MPEG case, the ratio ts(x, κ)/t̂(x, κ) is
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irregular because of the periodic nature of MPEG traffic.
For a buffer size of 400 ·48 bytes, the ratio reaches 17.5 and
it is omitted from the figure. However, the upper bound
ts(x, κ) is still relatively small at this point (we observe
that t̂(x, κ) = 4 · 40ms and ts(x, κ) = 70 · 40ms which cor-
responds to 4 and 70 frame intervals, respectively). Here, it
should be pointed out that our stopping criterion is guar-
anteed to work with any stationary Gaussian input traf-
fic and that, as predicted from Proposition 5, the ratio
ts(x, κ)/t̂(x, κ) is no larger than 6 for most of the buffer
sizes used in our simulation. This property enables us
to apply our stopping criterion to an on-line measurement
framework.

Figure 4 shows the buffer overflow probability for 40
multiplexed MPEG sequences with 95% confidence interval
and the MVA approximation (given by (9)) using our stop-
ping criterion for calculating the DTS. For this simulation,
we first generate different realizations of the multiplexed
streams by choosing different set of random starting frames.
We then get different estimates of the overflow probability
for each buffer level. In Figure 4, we plot the average val-
ues of these estimates and calculate the confidence interval
using standard techniques, e.g., via the distribution of a
standard normal random variable. Since the accuracy of
the MVA approximation under a single queue has already
been verified for general sets of traffic traces [12], [13], [24],
we do not provide further results on this.

From the structure of the MVA approximation and our
stopping criterion, we can use Figure 4 to solve different
network problems. Let C = 620Mbps and let the maxi-
mum buffer delay be d = 15ms. Suppose that we want to
determine the maximum number of sources n such that the
probability of delay violation is no more than PD = 10−6.
We assume that the sources are i.i.d and that the 40 mul-
tiplexed MPEG sequence represents one aggregate source.
Then our problem is to find the largest n (0 < n < C/λ)
such that

sup
t≥0

nσ2(t)

((C − nλ)t+ Cd))2
≤ − 1

2 logPD
:= A, (17)

where λ and σ2(t) are the mean and the variance function of
the source. This type of problem is relevant for Admission
Control. Let n∗ be the largest number of such sources that
can be admitted without violating the overflow probability
constraint. Then, since the left hand side of (17) increases
as n increases, n∗ must satisfy (17) with equality, and the
resulting equation has a unique solution n∗ for any given
A.‡ Rewriting (17) gives us

sup
t≥0

σ2(t)

(κt+ κCd
C−nλ )2

= A
(C − nλ)2

κ2n
, (18)

where κ = (1/ρ− 1)λ and ρ is the utilization used in Fig-
ure 4, i.e., ρ = 0.85. Now let x and y be defined as

x =
κCd

C − nλ and y = A
(C − nλ)2

κ2n
. (19)

‡We assume that n is a real valued number in (17). The actual
number then becomes bnc.

500 1000 1500 2000 2500 3000 3500 4000
0

0.1

0.2

0.3

0.4

0.5

0.6

Buffer Level x (48 bytes)

y

C = 620Mbps
C = 155Mbps
MVA

y = Aλ C d2 / (x(x−κ d)) 

Fig. 5. Calculating the maximum number of sources to be accepted
under PD ≤ 10−6 and maximum buffer delay = 15ms for two
different service capacity C.

Substituting x in terms of n into y gives

y =
AλCd2

x(x − κd)
, (20)

where x > κd since 0 < n < C/λ. However, note that
x and y above should also satisfy the following equation
(from (18))

y = sup
t≥0

σ2(t)

(κt+ x)2
, (21)

and that the MVA curve in Figure 4 is nothing but
exp(−1/2y) as a function of x. Thus, the solution x∗ is
the point at which (20) and (21) coincide, and the corre-
sponding n∗ can be obtained from (19)

Figure 5 shows how we can find such an n∗ using the
MVA approximation and the stopping criterion. The solid
line corresponds to (21), which can be calculated on-line
by the stopping criterion. The remaining two curves cor-
respond to (20) for different service capacities. Note that
the meeting points are approximately x∗ = 2800 · 48 bytes
and x∗ = 1350 · 48 bytes for C = 620 and C = 155Mbps,
respectively. Hence from (19), we obtain n∗ = 40 for
C = 620Mbps and n∗ = 9 for C = 155Mbps. Note that
the link utilization n∗λ/C increases from 0.92 to 0.96 as the
service capacity C increases from 155Mbps to 622Mbps, as
expected from statistical multiplexing.

C. Simulating a network of queues

In this section, we apply our measurement-analytic
method to the network of queues as shown in Figure 6. De-
tails of the input traffic are summarized in Table I.§ The
traffic is served according to FIFO scheduling discipline at
each queue. In Figure 6, the letter on the arrow represents
the corresponding traffic taking that path. For example,
source B arriving to Q1 will join Q3 after being served at
Q1, and then depart the system after Q3. We set the uti-
lization equal to 0.85 for every queue in this scenario and

§Ethernet trace is available on
“http://ita.ee.lbl.gov/html/contrib/BC.html”. MPEG (Juras-
sic Park) trace is available on “ftp-info3.informatik.uni-
wuerzburg.de/pub/MPEG/”. See [26] for details.
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Fig. 6. Illustration of a network of queues. Each queue is being
operated at 85% utilization and we are interested in estimating
overflow probability at Q4
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ity and its MVA approxima-
tion for Q4 in the network of
queues

want to estimate the buffer overflow probability at Q4. In
this scenario, we choose the number of each type of source
such that one of them does not dominate at any queue.

TABLE I

Description of input traffic for Figure 6.

input traffic number of sources

A JPEG (Star wars) 5

B Ethernet traffic 100

C MPEG (Star wars) 10

D MPEG (Jurassic Park) 20

E Auto Regressive model n/a

Figures 7 and 8 shows the overhead ts(x, κ)/t̂(x, κ) and
the buffer overflow probability, respectively, at Q4. We see
that the overhead is no larger than a factor of 6 in this
case and that the resulting measurement-analytic method
accurately estimates the overflow probability. An inter-
esting observation is that although Q4 sees only two in-
dependent groups of flows from the previous queues, this
does not impact the accuracy of the measurement-analytic
scheme. This is consistent with other numerical results that
we have conducted and seems to indicate that the Gaus-
sian assumption at interior nodes in the network (where
a large number of independent streams may not be multi-
plexed, e.g., a 16 × 16 router allows only 16 independent
flows being multiplexed at each output port) does not cre-
ate significant errors. An explanation for this could be that
each of the composite flows at the interior of the network
comprises many sources (in this example sources C and D
are composites of 10 and 20 different MPEG-sources). So,
although, one cannot assume that the composite flows at

1A (0,t)

A (0,t)2 (0,t)2D 

1(0,t)D Q 1(t)

Q 2(t)

...
..

...
.. ...
. C

...
.

work−conserving 
scheduler

A (0,t)M Q (t)M

(0,t)D M

Fig. 9. Multi-buffered system with general work-conserving service
disciplines

the interior of the network are comprised of strictly inde-
pendent flows (due to the disturbance created by the inter-
mediate queues, e.g., Q1 and Q3 for C and Q2 for D), the
fact that they were comprised of independent flows at the
exterior of the network, appears to help in the Gaussian
approximation at the interior of the network.

V. Extension to Multi-buffered Queueing
System with General Service Disciplines

In this section, we are interested in estimating the over-
flow probability (P{Qi > xi}) at each queue i for a multi-
buffered queue, e.g., the queue shown in Figure 9. Note
that, from the total queue size (Q(t) =

∑M
i=1 Qi(t)) point

of view, the system in Figure 9 is equivalent to that of
a single-queue system with service capacity C, regardless
of the specific scheduling policy, as long as that policy is
work-conserving. Thus, if we are interested in the distri-
bution of the total workload, we can use the same tech-
nique as in Section IV to estimate the overflow probability
P{∑M

i=1Qi >
∑M
i=1 xi} = P{Q > x}. Our focus in this

section will, however, be on estimating the overflow prob-
abilities P{Qi > xi} associated with each queue i.

We assume here general work-conserving scheduling poli-
cies among the different buffers (Qi, i = 1, 2, . . . ,M). Ex-
amples of such policies are static priority queueing and
generalized processor sharing (GPS). In the literature, the
performance analysis of these scheduling policies is difficult
and the resultant solutions are not suitable for on-line QoS
estimation. We will show that our original measurement-
based solution can be employed without significant change
and results in simple and accurate estimates of the overflow
probability for each queue.

A. Methodology

The multiplexing point in the network can be modeled as
a single or multi-buffered queue. We only assume that this
queue serves traffic according to a work-conserving service
discipline (see Figure 9). By work-conserving we mean that
as long as one of the queues is not empty, the server keeps
working. Let M be the number of different traffic classes
being served by a work-conserving scheduler. Traffic from
each class is fed into a queue, as shown in Figure 9. The
total service capacity remains fixed while the actual service
rate to each queue is time-varying, depending on a specific
scheduling policy, for example, priority queueing, weighted-
fair queueing, or earliest deadline first (EDF), etc. Because
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each queue sees a time-varying service capacity, the anal-
ysis of these queueing models is much more complicated
compared to a single queueing model with a constant ser-
vice rate (see, e.g., [27], [28], [29], [30]).

Let Ai(s, t) be the amount of class i traffic arriving dur-
ing [s, t) and Di(s, t) be the amount of class i traffic that
departs during the time period [s, t). We assume that the
arrival process of each class of traffic is independent of each
other. The maximum service rate of the server is C, and we
define Bi(s, t) as the amount of service that has been allo-
cated to class (or queue) i during [s, t). For example, for a
single queue with service capacity C, the function Bi(s, t)
simply becomes Bi(s, t) = C(t− s). From the definition of
Bi(s, t), we have Di(s, t) = Bi(s, t) if queue i is backlogged
throughout the interval [s, t). Now assume that queue i is
empty at time 0, then Qi(t), the i’th queue size at time t,
can be represented as

Qi(t) = sup
0≤s≤t

[Ai(s, t)−Bi(s, t)]. (22)

In (22), note that given the arrival Ai(s, t), the function
Bi(s, t) that produces the same queue length Qi(t) may
not be unique. To see this, suppose that queue i is empty
during [s′, t′). Then, the queue size will not be changed by
increasing the service capacity during the interval [s′, t′).
Motivated by this, we define Bi(s, t) ⇔ B̃i(s, t), if these
two functions generate the same Qi(t) for the same arrival.
Thus, from the point of view of the queue size, these two
functions are indistinguishable from each other.

We need Ai(s, t) and Bi(s, t) in (22) to estimate Qi(t).
While it is possible to measure Ai(s, t) and Di(s, t) directly
from the traffic stream, it appears that Bi(s, t) may be
more difficult to obtain. However, it turns out that there
exists the following simple relationship betweenBi(s, t) and
the departure Di(s, t) which we can exploit.

Proposition 6: For any queue i ∈ 1, 2, . . . ,M and under
any work-conserving queueing policy, we have

Bi(s, t)⇔ C(t− s)−
∑

j 6=i
Dj(s, t) for all s < t.

Proof: Without loss of generality, it is enough to
consider the case that queue i is either backlogged or empty
throughout the interval [s, t). If this is not the case, we
simply divide the interval [s, t) into smaller intervals such
that each of these new intervals is either a busy period or
an idle period.

Suppose first that queue i is backlogged throughout
the interval [s, t). Then, from the work-conserving prop-
erty and the definition of Bi(s, t), we have C(t − s) =∑
j Dj(s, t) and Bi(s, t) = Di(s, t). Thus, we get Bi(s, t) =

C(t − s) − ∑j 6=iDj(s, t). On the other hand, suppose
that the queue is empty during the interval [s, t). Since
the service capacity allocated to the queue i cannot be
larger than the total service capacity minus what has been
used up for the other queues, we have Bi(s, t) ≤ C(t −
s) −∑j 6=iDj(s, t). However, this means that Bi(s, t) ⇔
C(t− s)−∑j 6=iDj(s, t) since the queue i is empty during
[s, t).

From the above result, we can write the buffer overflow
probability at time zero as

P{Qi(0) > x} = P
{

sup
t≥0

[
Ai(−t, 0)−Bi(−t, 0)

]
> x

}

= P
{

sup
t≥0

[
Ai(−t, 0) +

∑

j 6=i
Dj(−t, 0)− Ct

]
> x

}

= P
{

sup
t≥0

Xi(t) > x
}
, (23)

where

Xi(t) := Ai(−t, 0) +
∑

j 6=i
Dj(−t, 0)− Ct. (24)

Thus, the overflow probability in a general work-conserving
queue turns out to be the supremum distribution of Xi(t),
which is a function of the traffic (aggregated) arrival and
departure, as in (24).

Following our approach earlier, we assume that Xi(t) is
Gaussian with stationary increments. For a single queue,
we get X1(t) = A1(−t, 0) − Ct and hence this assump-
tion is justified by Central-Limit-Theorem (CLT) type of
arguments. However, for a multi-buffered queueing system
shown in Figure 9, it may not be obvious that this assump-
tion is reasonable, hence, we provide the following justifi-
cations: First, the stationary assumption is equivalent to
assuming that the rate processes for the arrival and depar-
ture are stationary. For the departure, this could be justi-
fied if the system started a long time ago and has entered
steady-state. Second, regarding the Gaussian assumption,
note that the departure process may not be Gaussian even
if the arrival process is Gaussian. However, as we can see in
(24), several different departure processes are superposed
in a particular process Xi(t). For example, if there are 16
traffic classes, then 15 different departure processes are be-
ing aggregated. Hence, a Gaussian model for Xi(t) seems
reasonable, a hypothesis that will be further validated via
simulations.

Note that all the complexity of general service disciplines
is incorporated into a process Xi(t) as in (23), which is
of the same form as the one used in the case of a single
queue. Thus we are able to estimate the overflow proba-
bility P{Qi > x} using exactly the same approach as in
Section IV.

B. Numerical results

We consider the queueing system shown in Figure 9. For
a particular queue i, let Xi(t) =

∑t
k=1 Yi(k). In this case,

Yi(k) will be

Yi(k) = ai(k) +
∑

j 6=i
dj(k)− C, (25)

where ai(k) and di(k) are the amount of arrival and depar-
ture for class i traffic during the k’th time slot (See (24)).
Thus, we measure the arrival and the sum of the depar-
ture traffic less the traffic of the i’th class (equivalently,
the total amount of departure traffic minus the amount of
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Fig. 10. Buffer overflow probability for the lower priority queue under
static priority scheduling policy.
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Fig. 11. Buffer overflow probability for class 1 queue under GPS
scheduling policy.

departure from the i’th class). Once we have obtained a
sequence of Yi(k), k = 1, 2, . . ., then the mean κ becomes
κ = −E{Yi(k)} and the variance function σ2

i (t) becomes

σ2
i (t) = Var{∑t

k=1 Yi(k)}.
First, we consider a queueing system with a static prior-

ity scheduling policy. Since the lower priority queues get
service only when all the higher queues are empty, it is suffi-
cient to consider a two-priority queueing system and apply
our method to the lower priority queue (LPQ) to estimate
its overflow probability. In Figure 10, we show the result-
ing overflow probabilities of the LPQ under two different
input traffic scenarios. In Figure 10(a), the HPQ and the
LPQ are fed by 10 multiplexed MPEG traffic sources and
200 multiplexed Ethernet traffic sources, respectively. The
number of multiplexed sources and the total capacity C are
chosen such that the mean traffic rate of the HPQ (queue
1) is equal to λ1 = 0.6C and that of the LPQ (queue 2) to
λ2 = 0.2C. The process B2(0, t) for the LPQ then becomes
Ct − D1(0, t), i.e., the service process to the LPQ is now
time-varying and can be obtained by measuring the depar-
ture traffic from the HPQ. In Figure 10(b), we change the
number of sources for each queue such that λ1 = 0.45C and
λ2 = 0.4C. We see that our approach produces accurate
estimates over the whole range of buffer sizes in both cases.

Next, we consider a GPS service discipline. In order to
simulate the GPS case, we divide the time axis into fixed
time slots. Each class has its own queue with a positive co-
efficient φi (

∑
i φi =1). Thus, at the beginning of each time

slot, if all of the queues are backlogged, each traffic class

receives service capacity φiC. If some of the queues are
empty, then the remaining capacity is distributed to the
backlogged queues according to their coefficients propor-
tionally. Figure 11 shows the overflow probability for class
1 traffic (10 multiplexed MPEG traffic) in a GPS queue-
ing system where class 2 traffic is composed of 200 mul-
tiplexed Ethernet sources and class 3 traffic is composed
of 3 multiplexed JPEG sources. The coefficients φi for
class i are chosen to be φi = 0.54, 0.16, 0.3 and the result-
ing maximum utilizations ρi = λi/(φiC) of each queue are
ρi = 0.82, 0.85, 0.8 for i = 1, 2, 3 respectively, where λi is
the mean arrival rate of class i traffic. The total capac-
ity then becomes C =

∑
i λi/ρi from

∑
i φi = 1. Note

that our estimates are accurate over the whole range of the
buffer sizes under consideration. While omitted here, we
also observe that the overhead ts(x, κ)/t̂(x, κ) is still within
a factor of 6 under these two different service disciplines.
Hence, overall, our approach has two appealing attributes
for possible deployment in a high-speed network. First, it
is suitable for on-line estimation due to the stopping cri-
terion. Second, it is versatile in the sense that it can be
applied to any work-conserving service discipline.

VI. Discussion

A. Implication of the DTS and the stopping criterion

In this section, we discuss the implications of t̂(x, κ) and
ts(x, κ) for traffic modeling in more detail. First, we make
some observations:
• The value of t̂(x, κ) for any fixed x and κ depends only on
the shape of the function R(t) within a finite time interval
[0, ts(x, κ)], and not on the limiting behavior of R(t) (and
hence the Hurst parameter).
• In order to produce the same P{Q > x}, the model
should be able to capture the correlations of lags up to
ts(x, κ), not the DTS. Specifically, suppose that we know
all the statistics for the Gaussian input process Xt and
that, for a given buffer size and utilization, we calculate
the DTS t̂(x, κ) and its upper bound ts(x, κ). Now, we gen-
erate another stationary Gaussian process Yt whose mean
and correlations are the same as those of Xt up to the
DTS. Then, in this case, the undetermined region of R(t)
for t > t̂(x, κ) might change the location of the DTS for the
process Yt. However, if we match the mean and variance of
the Yt process up to the upper bound ts(x, κ) of Xt, instead
of the DTS itself, then by Theorem 4, these two processes
will give the same DTS t̂(x, κ) and σ2(t̂(x, κ)), no matter
how the correlations of lags beyond ts(x, κ) behave.

For a large class of LRD processes, we have

R(t) ∼ V t2H−2,

where 0.5 ≤ H < 1 is the Hurst parameter. Qualitatively,
we can see that R(t) tends to decrease more slowly as H
increases, which makes t̂(x, κ) and ts(x, κ) larger. (For in-
stance, t̂(x, κ) = H

1−H
x
κ for fBm processes.) Since ts(x, κ)

is finite for any given x and κ, the long range dependence
property by itself does not change the buffer distribution.
Instead, it exerts its influence on the value of t̂(x, κ) by
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which the buffer behavior is determined. This explains
why the overflow probability is so different for a fixed Short
Range Dependent (SRD) model and an LRD model. Note
that for any given x, we can always find an SRD model that
has similar correlations up to ts(x, κ) and hence results in a
similar overflow probability. In this sense, an LRD model
should be considered as merely one of the many ways of
modeling real traffic, rather than the only model to com-
pute P{Q > x}.

The DTS also has interesting implications for LRD traf-
fic modeling. Previous attempts to find a suitable model
for the real LRD traffic and to analyze the buffer based
on the model have required estimating the Hurst parame-
ter H , even for simple models such as fractional Brownian
motion. However, our stopping criterion suggests that we
do not have to estimate H at all in order to calculate the
overflow probability for finite buffer levels. Further, note
that the “variance-time plot,” which has been used for esti-
mating H [2], already contains all the information we need
to calculate the overflow probability (i.e., Var{Xt} for all
t). Hence, estimating H requires many more computations
than all the steps we need for calculating the DTS and
the resulting buffer overflow probability, via the stopping
criterion.

B. On-line estimation of traffic statistics

In our methodology, we only need to know the statistics
of traffic up to ts(x, κ) to find the DTS. This property re-
duces the burden from searching the statistics (e.g., σ2(t))
over an infinite horizon to searching over a finite horizon.
In this section, we will see the effect of on-line estimation
of the traffic statistics on our stopping criterion and hence
on the QoS estimates. Specifically, we will describe the
estimation part of the procedure used, i.e., how we cal-
culate and update λ and R(n) as we observe the traffic
on-line. Note that estimating such statistics based on ob-
served data is a well studied discipline and is not the focus
of our research here. We only use a standard method that
we describe next, however, an improved approach (for ex-
ample one that leads to faster or more reliable estimation)
if available could be substituted without changing the rest
of the procedure for estimating the DTS.

Let Xi, i = 1, 2, . . . , be the measurement data, i.e., the
amount of traffic arrived in time slot i. We then estimate
the mean rate using n samples by

λ̄(n) =
1

n

n∑

i=1

Xi, (26)

and the covariance C̄(k) using n+ k samples by

C̄(k) =
1

n

n∑

i=1

(Xi − λ̄(n+ k))(Xi+k − λ̄(n+ k)). (27)

The variance function σ2(n) then can be estimated by

σ̄2(n) = nC̄(0) + 2
n−1∑

k=1

(n− k)C̄(k). (28)

We first begin with N samples. As a new sample value is
available after each time slot, we update λ̄(N) (i.e., replace
it by λ̄(N+1)) and C̄(0), and we calculate C̄(1) for the first
time. In this way, as we observe more samples, we update
the sample mean into λ̄(N + k) (which by ergodicity will
converge to the true mean as k increases), and update the
sample covariances C̄(j), (j = 1, 2, . . . , k − 1) and newly
calculate C̄(k). This is how we calculate and update the
mean rate, R(n) = σ2(n)/n2 (n ≤ k) and g(k) as new
samples are available. Note that by doing so, we have esti-
mated the mean rate λ̄(N + k), R(n) (n = 1, 2, . . . , k), and
g(k) using only N + k samples. Then from the stopping
criterion, we are able to estimate the overflow probability
P{Q > x} once we observe N + ts(x, κ) samples.

From this specific procedure for estimating traffic statis-
tics and the stopping criterion, we briefly outline the com-
putational aspect of our algorithm. Given N + n observa-
tions (X1, X2, . . . , XN+n), we can estimate λ̄(N + n) and
C̄(j), j = 1, 2, . . . , n using (26) and (27). This will result
in O(n2) computations for fixed N . To compute σ̄2(j) for
j = 1, 2, . . . , n, we rewrite (28) as

σ̄2(n+ 1) = σ̄2(n) + C̄(0) + 2Y (n), (29)

where Y (n) :=
∑n
k=1 C̄(k). From this recursion, we

note that calculating σ̄2(j) for j = 1, 2, . . . , n requires
only O(n) computations. Hence, with O(n2) computa-
tions, we can estimate the required statistics λ̄(N + n)
and σ̄2(j) (j = 1, 2, . . . , n) via (26) – (29). In contrast,
we compare g(n)(:= maxn/2≤u≤nR(u)) with a(i, j)R(j) for
j = 1, 2, . . . , n to obtain the upper bound on the DTS, and
this causes O(n) complexity. One could use standard tech-
niques of estimating the power spectral density to speed up
the estimation procedure¶. For example, using the stan-
dard periodogram method [31] and FFT to estimate the
correlation function would result in O(n log n) complexity.
However, it should be noted that the bottleneck in the pro-
cedure is still the actual estimation of the traffic statistics
and not the stopping criterion.

Figure 12 shows the resulting overflow probability esti-
mates for 40 multiplexed MPEG traffic using the MVA ap-
proximation (9) for different N , the initial number of sam-
ples for estimating λ and R(n). The solid line corresponds
to the MVA curve in Figure 4, where we used entire trace
for computing λ and R(n). As N increases, the on-line
estimates are getting closer to the “true” value, as desired.
For N = 5000, the on-line estimation is inaccurate since
this number is too small compared to the total number of
samples in the entire MPEG trace (about 170000). Thus
it fails to capture the true statistics of the MPEG trace,
which is strongly correlated over multiple-time scales. The
reason for this is that for small N (e.g., N = 5000), the
estimated mean from the first N samples is smaller than
the overall mean (obtained from entire trace) by approx-
imately 10%. The under-estimation of the mean arrival
rate results in an under-estimation of the overflow proba-
bility. This is a typical problem that one could encounter,

¶as suggested by the anonymous reviewer
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Fig. 12. On-line estimates of the overflow probability for 40 mul-
tiplexed MPEG traffic using MVA approximation with different
number of samples. N is the number of samples for initial esti-
mates of the mean λ̄ and the covariance C̄(k) of the input traffic.
The capacity is chosen such that the utilization of the queue is
85%.
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Fig. 13. Buffer overflow probability and its on-line estimates using
MVA approximation with different number of samples. Input to
the queue is 40 multiplexed Auto-Regressive (AR) traffic with
first covariance coefficient 0.95. The mean, variance and the
length of each AR traffic trace are set to those of the MPEG
traffic trace. The capacity is chosen such that the utilization of
the queue is 85%.

because future values cannot be predicted with perfect ac-
curacy (without assuming a specific model of the traffic).
The problem could be alleviated by using a larger value
of N , or alternatively by using a model or a priori statis-
tical information about the traffic input. For example, if
N = 20000 or larger, we see that the on-line estimates are
reasonably accurate. In particular, we have observed that
the estimated t̂(x, κ) and ts(x, κ) at x = 7000 ·48 bytes, are
189 and 411, respectively. In other words, the whole curve
for N = 20000 in Figure 12 requires only 20411 samples
(about 12% of the total number of samples).

Next, we investigate the effect of the correlations or
long-range dependence of the traffic on on-line measure-
ments. We generate AR-1 traffic traces with the same mean
and the same variance as those of the MPEG trace, but
with different covariance functions. Figure 13 shows the
overflow probability and its on-line estimates for Autore-
gressive (AR) traffic input with first covariance coefficient
c(1) = 0.95 (i.e., with covariance function c(k) = (0.95)k,
k ≥ 0). Here, each AR trace has the same number of

0 1000 2000 3000 4000

10
−4

10
−2

10
0

Buffer Level x (48 bytes)

P
{Q

>
x}

95% conf. interval
Simulation
MVA with entire trace
MVA with N = 1000
MVA with N = 5000
MVA with N = 10000
MVA with N = 20000

Fig. 14. Buffer overflow probability and its on-line estimates us-
ing MVA approximation with different number of samples. In-
put to the queue is 40 multiplexed Auto-Regressive (AR) traffic
with first covariance coefficient 0.7. The mean, variance and the
length of each AR traffic trace are set to those of the MPEG
traffic trace. The capacity is chosen such that the utilization of
the queue is 85%.

samples as the MPEG trace (about 170000). We generate
different realizations Z1, Z2, . . ., from which the confidence
interval is derived. However, note that to obtain the on-
line estimates, we just take the first realization Z1 and the
first N+ts(x, κ) samples from Z1 for measurements, where
ts(x, κ) in this case is determined by the stopping criterion.
We believe that this is in accordance with the fact that in
real world, we only see a single realization of a traffic flow
and we can take measurements or any action only from this
single realization. Note that this is the worse case situation
in our experiments; Since different realizations result in dif-
ferent on-line estimates of ts(x, κ) and t̂(x, κ), our estimates
will be better if we are allowed to repeat the same on-line
measurements for each realization Zi and then to estimate
ts(x, κ) and the DTS by taking average. In Figure 13, we
see that we now need only about 5% of the total number of
samples to get an accurate estimate of the overflow proba-
bility. This trace, while highly correlated (first covariance
coefficient of 0.95) is not as correlated as the actual MPEG
video sequence, which is why we need a smaller fraction of
samples to get good estimates of the overflow probability.
We then repeat the same experiment except that the first
covariance coefficient is now reduced to 0.7, which corre-
sponds to a less bursty traffic flow. The results are plotted
in Figure 14. As we see, less than 1% of the total number
of samples is shown to be enough to accurately estimate
the overflow probability, by utilizing our stopping criterion
with on-line measurements of the traffic. We have observed
similar results with voice traffic (which is less correlated),
where only a very small percentage of the total traffic is
required for obtaining good overflow probability estimates.

As mentioned earlier, thus far, we have used standard
techniques ((26), (27), and (28)) to estimate the statistics
of the traffic on-line, it should be noted that any sophisti-
cated statistical method to estimate the statistics will work
independently from the rest of the procedure, i.e., finding
the DTS.
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VII. Conclusion

In this paper we have developed a measurement-analytic
approach for estimating the overflow probability at any
multiplexing point of interest, in the network. Our ap-
proach assumes that the input traffic can be characterized
by a general class of Gaussian processes, and hence is appli-
cable to systems where a moderate to large number of traf-
fic sources are multiplexed. Our work is motivated by the
fact that for estimating QoS parameters that correspond
to rare events such as the overflow probability, we require
a combined measurement and analytical framework. The
dominant time scale is useful in our framework because it
allows the transformation of the problem of measuring rare
events to a problem of measuring the input traffic itself,
over a finite time window. However, a seemingly impossi-
ble difficulty with this approach is that the dominant time
scale is itself defined in terms of the variance of the traffic
over all time. We show how to break this “chicken and
an egg” type of cycle and find a bound on the dominant
time scale. We investigate the tightness of this bound and
provide numerical examples to illustrate our measurement-
analytic approach. We then present a way of extending
our approach to a multi-buffered queueing system with
work-conserving service disciplines, such as static priority
queueing and GPS scheduling, and see that our approach
performs well. We also provide some interesting insights
gained from using our approach. Since our approach only
requires a finite window of measurements (usually small,
depending, of course, on the dominant time scale and its
bound), it has significant value from an on-line measure-
ment point of view and differs from works in the literature
that require knowledge of the entire trace of the traffic.

Appendix A

Proof of Proposition 3: Let h(·) = (·)2. Then, the function
S(t) in Proposition 2 becomes S(t) = r(t) + t(E{Xt/t}).
Since E{Xt/t} is constant for a stochastic process Xt

with stationary increments, subadditivity of r(t) follows
from Proposition 2. For the second result, let I(k, t) :=
[2k−1t, 2kt] where k is a positive integer. Then by defini-
tion,

g(2kt) = max
u∈I(k,t)

R(u).

First, note that for any v ∈ I(k, t), there exist p, q ∈ I(k −
1, t) such that v = p+ q. Since

R(v) = R(p+ q)

≤ p

p+ q
R(p) +

q

p+ q
R(q)

≤ max{R(p), R(q)}
from the subadditivity of r(t), we have

R(v) ≤ max
u∈I(k−1,t)

R(u) = g(2k−1t). (30)

Since (30) holds for any v ∈ I(k, t), by taking maximum
over the interval I(k, t), we have shown that g(2kt) is de-
creasing in k = 0, 1, 2, . . ., for any fixed t.

Now, for any s ≥ t, we can take k ≥ 1 such that s ∈
I(k, t). Thus, finally we get

R(s) ≤ max
u∈I(k,t)

R(u) = g(2kt) ≤ g(2k−1t) ≤ · · · ≤ g(t).

This completes the proof.

Appendix B

Proof of Proposition 5: Clearly, ts(x, κ) ≥ px/κ for any p
that satisfies (11), and note that

( p

p+ 1

)2

R
(px
κ

)
=

σ2(px/κ)

(px/κ+ x/κ)2
.

Let p∗(x) be the maximizer of the right hand side of (14)
for a given x/κ, then we already know that p∗(x)x/κ =
t̂(x, κ) ∼ H

1−H
x
κ [13]. So, we have

lim
x→∞

p∗(x) =
H

1−H . (31)

Thus ts(x, κ) ↑ ∞ as x ↑ ∞. Also, from (13), we know that

lim
t→∞

R(t)

V t2H−2
= 1. (32)

In other words, for any given ε > 0, we can choose M > 0
such that

(1− ε)V t2H−2 ≤ R(t) ≤ (1 + ε)V t2H−2

for all t ≥M . Thus by definition of g(t), we have

(1− ε)V (t/2)2H−2 ≤ g(t) ≤ (1 + ε)V (t/2)2H−2

for all t ≥ 2M . Hence

lim
x→∞

g(ts(x, κ))

V (ts(x, κ)/2)2H−2
= 1. (33)

Now, from (14), g(ts(x, κ)) can be represented as

g(ts(x, κ)) =
( p∗(x)

p∗(x) + 1

)2

R
(p∗(x)x

κ

)
.

By rewriting this as

g(ts(x, κ))

V (ts(x, κ)/2)2H−2
=

(
p∗(x)

p∗(x) + 1

)2
R(p∗(x)x/κ)

V (p∗(x)x/κ)2H−2

(
p∗(x)x/κ

(ts(x, κ)/2)

)2H−2

,

we have

lim
x→∞

ts(x, κ)

2t̂(x, κ)

t̂(x, κ)

p∗(x)x/κ

(
p∗(x)

p∗(x) + 1

) 1
H−1

= 1

from (32) and (33) . Therefore, the result follows from (31).
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